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(R18A0261) NETWORKANALYSIS & TRANSMISSION LINES
COURSE OBJECTIVES:
This course introduces the basic concepts of transient analysis of the circuits, the basic two-
port network parameters, design analysis of the filters and attenuators and their use in the
circuit theory, analysis of the locus diagrams, resonance, magnetic circuits. The emphasis
of this course is laid on the basic operation of DC machines which includes DC generators
and DC motors.
UNIT - I:
Transient Analysis (First and Second Order Circuits): Introduction to transient
response and steady state response, Transient response of series —RL, RC RLC Circuits for
sinusoidal, square, ramp and pulse excitations, Initial Conditions, Solution using
Differential Equations approach and Laplace Transform method,
UNIT - II:
Two Port Networks: Impedance Parameters, Admittance Parameters, Hybrid Parameters,
Transmission (ABCD) Parameters, Conversion of one of parameter to another, Conditions
for Reciprocity and Symmetry, Interconnection of two port networks in Series, Parallel and
Cascaded configurations, Image Parameters, Illustrative problems.
UNIT-III:
Locus diagrams: Resonance and Magnetic Circuits: Locus diagrams — Series and Parallel RL,
RC, RLC circuits with variation of various parameters — Resonance-Series and Parallel circuits,
Concept of band width and quality factor.
Magnetic Circuits- Faraday’s laws of electromagnetic induction, Concept of self and
mutual inductance, Dot convention, Coefficient of coupling, Composite magnetic circuits,
Analysis of series and parallel magnetic circuits.
UNIT - IV:
Transmission Lines — 1. Types, Parameters, Transmission Line Equations, Primary &
Secondary Constants, Expressions for Characteristics Impedance, Propagation Constant, Phase
and Group Velocities, Infinite Line Concepts, Losslessness/Low Loss Characterization,

Distortion — Condition for Distortionlessness and Minimum Attenuation, Illustrative
Problems.
UNIT V:
Transmission Lines — Il: SC and OC Lines, Input Impedance Relations, Reflection

Coefficient, VSWR, A/4, A 2, A /8 Lines — Impedance Transformations, Significance of Zmin
and Zmax, Smith Chart — Configuration and Applications, Single Stub Matching, Illustrative
Problems.
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TEXT BOOKS:
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2. Network Analysis — N.C Jagan and C. Lakhminarayana, BS publications.

3. A Text book of Electrical Technology by B.L Theraja and A.K Theraja, S.Chand
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5. Electrical Circuit Analysis — K.S. Suresh Kumar, Pearson Education.

COURSE OUTCOMES:

After going through this course the student gets a thorough knowledge on Transient
analysis of the circuits, filters, attenuators and the operation of DC machines with
which he/she can able to apply the above conceptual things to real world problems
and applications
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UNIT —I:
Transient Analysis (First and Second Order Circuits):

e Introduction to transient response and steady state response
e Transient response of series —RL, RC RLC Circuits for sinusoidal,

square, ramp and pulse excitations

e Initial Conditions
e Solution wusing Differential Equations approach and Laplace

Transform method
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Introduction to transient response and steady state response

Inthis chapter we shall study transient response of the RL, RC series and RLC circuits with sinusoidal,
square, ramp and pulse excitations.

Transients are present in the circuit, when the circuit is subjected to any changes either by changing source
magnitude or while changing any circuit elements, provided circuit consists of any energy storage
elements.

There are 3 circuit elements(1)Resistor (2)Inductor(3)Capacitor

Inductor and Capacitor are called storage elements.

Inductor doesn’t allow sudden change in current and stores the energy in the form of magnetic field.
Capacitor doesn’t allow sudden change in voltage and stores the energy in the form of electric field.

When the circuit is having only resistive elements, no transients present in the circuit since resistor allows
sudden change in current and voltage and it doesn’t store any energy.

The total response of the circuit=Transient response +Steady state response.

Transient response changes with time and gets saturated after some time. It is also called as natural
response.

Steady state response doesn’t change with the time. It is also called forced response.

The time taken for the circuit to change from one steady state to another steady state is called transient

time.

Under initial conditions inductor behaves like open circuit i.e. 1.=0
Under steady state conditions inductor behaves like short circuit i.e. V=0
Under initial conditions Capacitor behaves like short circuit i.e. V=0

Under steady state conditions capacitor behaves like open circuit i.e. I¢=0

Malla Reddy College of Engineering and Technology (MRCET)



B.Tech (ECE) R-18

t=0 indicates immediately before operating switch
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Figl.1
t=0"indicates immediately after operating switch
t=o0 indicates steady state condition
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t=0 V=0
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t=o0 Vc:V

Transient response of series—RL Circuit for sinusoidal excitation

Figl.3

Consider a circuit consisting of Series resistance and inductance as shown in figl.3.The switch S is closed
at t=0.

At t =0,a sinusoidal voltage V cos(wt+0) is applied to the series RL circuit,where V is amplitude of the wave
and 6 is phase angle.

Application of KVL to the circuit results in the following differential equation.

Vcos(wt + 0)=Ri+L Z—i ---------- (1.1)

The corresponding characteristic equation is

For the above equation, the solution consists of two parts, viz.complementary function and particular
integral.
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The eosepEmentary function of the solution is R-18

The particular integral can be determined by using undetermined coefficients.

By assuming

Substituting equations (1.4) and (1.5) in equation (2)

Substituting the values of A and B in equ(1.4),we get
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R : + O+ V——tns -
I = o VR‘V (wl )37 cos L0 R° + (L)’ 9
E “ 4+ (OL
VR
Putting M cos = o3 L (L)
(.-)’
and e s P A [ 2% + (L)

To find M and ®,We divide one equation by the other

Squaring both equations and adding,we get

The particular current becomes

The complete solution for the current i=ic+ip

Since the inductor does not allow sudden change in currents, at t=0, i=0

Malla Reddy College of Engineering and Technology (MRCET)



The eoseple® solution for the current is R-18

Examplel.1

In the circuit as shown in figure below, determine the complete solution for the current, when switch
S is closed at t=0.Applied voltage v(t)=100cos(103t+n/2).Resistance R=20Q and inductance L=0.1H.

Solution

By applying Kirchhoff’s voltage law to the circuit, we have

20i+0.15 =100 cos(10%+/2).

£+200i=1000c0s(1000t+ 7/2)
(D+200)i=1000c0s(1000t+ 7/2)

The complementary function ic=ce 200t
By assuming particular integral as

ip=Acos(wt + 0) + Bsin(wt + 0)
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We get

v . _jol
N cos(wt + 6 — tan - )

ip:
Where @ = 1000 rad/sec
V=100 V,0 = >
L=0.1H,R=20Q

Substituting the values in the above equation, we get

. 100 T 4100
ip= S Tr 1000017 cos(1000t + > — tan 20)
=20 0s(1000¢ + = — 78.6°)

101.9 2

=0.98c0s(1000¢t + - — 78.6°)

The complete solution is

i=ce~2001+0.98c0s(1000t + — 78.6°)

At t=0, the current flowing through the circuit is zero,.i.e.i=0
c=-0.98cos(; — 78.6°)

The complete solution is

i=[-0.98cos (5 — 78.6°)] e~2°°+0.98c0s(1000¢t + -~ — 78.6°)]

SINUSOIDAL RESPONSE OF R-C CIRCUIT:

N ENEEE VLU

R-18
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Consider a circuit consisting of resistance and capacitance in series as shown in fig. The switch, S,is closed at
t=0.At t=0,a sinusoidal voltage V cos(wt + 0) is applied to the R-C circuit,where V is the amplitude of the wave
and 6 =Phase angle.

Applying KVL to the circuit results in the following differential equation.

Vcos(wt + 0)=Ri+= [ idt --eemeememnm- (1.7)
di i .
Rd—;+%: —Vw(sin wt + 0)
1.._ Vo, .
(D+R—C)|:T‘” (sin wt + 0) ------------- (1.8)

The complementary function ic=Ke /RC==--=------=- (1.9

i,=Acos( wt+ 0)+Bsin wt + 0) ------------- (1.10)

ip'=-Aw sin(wt + 0)+Bw cos( @t+ f) ------------- (1.11)

Substituting equations 1.10 and 1.11 in 1.8 we get

Vw sin wt+0)

{-Ao sin(ot + 0)+ Bw cos( wt+ 0)}H-— Acos( wt+ 0)+Bsin wt + 0)= —
Comparing both sides

B -Vw
Aw+—= —=
RC R

Boo+i=0
RC

From which,

VR
()

wC.

A=
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wC(R2+($)2)

Substituting values of A and B in equation (1.10), we have

B=

: VR
lp=———= cos( wt+ 6)+

sin wt + 0)
R2+(5)

wC(RZ +(i)2)

wC

To find out M and @,we divide one equation by other,

M cos @ 1
= tan Q=——
M sin @ @ wCR

Squaring both sides and adding, we get

VZ

(k4 () )

(M cos 0)? + (Msin@)? =

(R2+(3))

The particular current becomes

M=

ip= — YV __ cos (u)t +0 +tan?! L) ------------- (1.12)

(Re+(2)")

Malla Reddy College of Engineering and Technology (MRCET)
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The complete solution for the current i=ic+ip

i= Ke /rRc + —Y—cos (wt +0+tan™! i) ————————————— (1.13)

(ro+ () o

Since the capacitor does not allow sudden change in voltages att= 0,i = %cos )

v 0 =K+ v <9+t = )
RCOS = ) - COSsS an wCR
2 _
(R4 (@) )
_V v -1_1
K—RCOSH cos(6+tan wCR)

(Re+(2))

The complete solution for the current is

|= e re %cos 6 — ——— cos (9 + tan~?! ﬁ)
(re+(2)")
cos (0 + tan~?! ﬁ) ------------- (1.14)

(R+(2))

Example 1.2.

In the circuit as shown in Figure below, determine the complete solution for the current

when switch S is closed at t=0.Applied voltage is v(t)=50cos(10%t+n/4).Resistance R=10Q and
capacitance C=1uF.

Malla Reddy College of Engineering and Technology (MRCET)
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Solution:

By applying KVL to the circuit, we have

1
106

10i+—— [ idt=50c0s(100t + 1/4)

di, i _ 3,
10_+—== 5% 10°(sin 100t + 1t/4)

i
105

z_;' +——=500(sin 100t + 1/4)

1
105

(D+——)i=—500(sin 100t + 1/4)

-t
The complementary function ic=Ke /10_5

The particular solution i,=Acos( wt+ 0)+Bsin wt + 0)

We get i,= ——— cos (wt + 0 + tan™! ﬁ)
(R+(3))
Where w = 100222 g ="
sec 4
R=10Q C=1uF
500

cos (100t + % + tan™1

i= 2
1

\/(102+(100x10—6) )

ip=4.99 x 1073 cos (100t + * + 89.94°)

att= 0,1 =!cost9 = 5—Ocoszz 3.53 4
R 10 4

1

100X1076x10

-t
i=Ke /107 +4.99 x 10~ cos (100t +7 +89.94°)

Malla Reddy College of Engineering and Technology (MRCET)
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At t=0

K=3.53—4.99 x 103 cos G + 89. 94°)
Hence the complete solution is
: [ -3 ™ o\ . 10-5 -3 2
i=[3.53 —4.99 x 10 cos(z+ 89.94 )]e 1075 + 4.99 X 1073 cos (100t+z+
89. 94-°)

SINUSOIDAL RESPONSE OF RLC CIRCUIT:
A

Voos (ot + g) |
o )

D’- ~N oa.

Consider a circuit consisting of resistance, inductance and capacitance in series as shown in fig. The switch, S is
closed at t=0.At t=0,a sinusoidal voltage V cos(wt + 0) is applied to the RLC series circuit ,where V is the
amplitude of the wave and 6 =Phase angle.

Applying KVL to the circuit results in the following differential equation.
di

1 .
Veos(ot + 0)=RI+Lt— [ idt ----mmmemmnms (1.15)

Differentiating above equation, we get

. 2 . .
RE4 1L 4L = _Vewsin(wt + 0)
dt at? ¢
(D2 +2p +i)i= N IO ) [e— (1.16)
L LC L
The particular solution can be obtained by using undetermined coefficients.
I,=Acos( wt+ 0)+Bsin(wt + 0) ------------- (1.17)

ip!=-Aw sin(ot + 0)+Bw cos( @t+ f) ------------- (1.18)
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ip’=—Aw? cos( wt+ 0)—Bw?sin(wt + 0) ------------- (1.19)

Substituting values of ip ip? ,ip”in equ (1.16) we have

—Aw? cos( wt+ 0)—Bw?sin(wt + 0) + % [—Aw sin(wt + 0) + Bw cos(wt + 0) | +
= [Acos(wt + 0) + Bsin(wt +0)] = ~ == sin(@t + 0) ----------- (1.20)
Comparing both sides, we have

Sine coefficients

—Bw? — Aw~+ == -2
L' LC L
R 2 _ 1\ _Ve
AwZ+B(w?—1) =" (1.21)

Cosine coefficients

—Aw? + Bo~+2 =0
L Lc

A(w? =) = B (%) = 0-rrmeeemeees (1.22)

Solving (1.21) and(1.22) we get

AT )
v

cos( wt+ 0)+ sin(wt + 0) ------------- (1.23)

T e (w2

Malla Reddy College of Engineering and Technology (MRCET)
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Putting
Vw?ZR
Mcos @ = L
|5 ~((0>))]
Msin @ = (mz_&)zm
2

To find out M and @,we divide one equation by other,

Mcos® _(wL—ﬁ;)
Msin(b_tan@_ R -
1
¢ =tan?! —(wL _ R)
R

Squaring both equations and adding we get

VZ

(R + (o))

(M cos @)? + (M sin 9)? =

|4

[ G-o))

The particular current becomes

M =

. \'%
IV_
J<R2+(3~—wL
wC

To find out complementary function ,we have the characteristic equation

Malla Reddy College of Engineering and Technology (MRCET)
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2 R 1) _
(D2 +7D +2-) = 0-remeeneeeee (1.25)
The roots of equation(1.25) are

2
D1,Do= — >+ (i) ~-=
2L 2L LC

By assuming K;=— 2%
R\2 1

=) — 12

D= K; +K;,

D1= K1 —K2

2
. R
K becomes positive, when(—) > 2
2L LC

The roots are real and unequal, which gives an over damped response. Then equation (1.25)
becomes

[D— (K1+K2)][D—(K1-—K2)]i=0

The complementary function of above equation is

-
ic=ce(k1+k2D)t1cpe (k1-k2)t 4 v cos <wt +0 +tan™" [—(w RwC)D

(o)

: R\? 1
K2 becomes negative when (Z) <

Then the roots are complex conjugate, which gives an under damped response.
Then equation (1.25) becomes
[D — (K14 jK2)][D — (K1 —jK2)]i=0

The solution for above equation is

Malla Reddy College of Engineering and Technology (MRCET)
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ic=e*[c1 cos k2t + c2 sin k2t]

I=ic+ip

i=e®[c1 cos k2t + c2 sin k2t] +

1

v cos (oot +0 +tan?! [@D

J(Ru(i_mf)
2
k2 becomes zero when (5) =—
2L

Then the roots are equal which gives critically damped response
Then equation (1.25) becomes (D — K1)(D — K1)i =0
The complementary function for the above equation is

icze D [c1 + c2t]

Therefore complete solution is i=ic+ip

1
k1)t v -1 (R B (x)L)
e kD1 + c2t] + cos| ot +0 +tan™ 1 [~ 2

(o G-

F(s)=L{f(t)} = [ e (e

{1

Malla Reddy College of Engineering and Technology (MRCET)
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Solution using Laplace transformation method:

| J(t) (Function) F(s) (Laplace Transform) ‘
| g &
w(r) (unit step) 1/s ‘
3(r) (unit impulse) 1 |
1
e (s +a) |
- |
| sin o & vl
s |
cos at (52 s wz) |
@
e “ sin ax (s+a)2+w2
\ (s +a)
| e cos ax G+a)l +o° ‘
¢ 1/s2 |
_——dfd‘,’ ) sF(s)
| [ s F(s)/s }
Ramp input
UNIT RAMP INPUT

()

0] t

*The ramp signal imitate the constant velocity
characteristic of actual input signal.

e jAr 120
mtl= o r<0

—

If A=1, the ramp signal is called unit ramp signal

Square input

Square wave

0.5

Amplitude

Time —

Malla Reddy College of Engineering and Technology (MRCET)
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Pulse input
wedt)

o ra r VS (t)

V(t)=u(t)-u(t-T)

1-e=ST

V(s)=

Malla Reddy College of Engineering and Technology (MRCET)
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UNIT - II:
Two Port Networks:

Impedance Parameters,

Admittance Parameters,

Hybrid Parameters,

Transmission (ABCD) Parameters,

Conversion of one of parameter to another,

Conditions for Reciprocity and Symmetry,

Interconnection of two port networks in Series, Parallel and Cascaded configurations,
Image Parameters,

Illustrative problems.

VVVVVVY

Y
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Introduction:

A general network having two pairs of terminals, one labeled the “input terminals’’ and the other the “output terminals,’” is a very
important building block in electronic systems, communication systems, automatic control systems, transmission and distribution
systems, or other systemsinwhichanelectrical signal or electric energy entersthe inputterminals, isacted upon by the network, and leaves
viathe output terminals. A pair of terminals at which a signal may enter or leave a network isalso called a port, and a network like the
above having two such pair of terminals is called a Two - port network. A general two-port network with terminal voltages and
currents specified is shown in the figure below. In such networks the relation between the two voltages and the two currents can be
described in six different ways resulting in six different systems of Parameters and in this chapter we will consider the most important

four systems
Impedance Parameters: Z parameters (open circuit impedance parameters)

We will assume that the two port networks that we will consider are composed of linear elements and contain no independent

sources but dependent sources are permissible. We will consider the two-port network as shown in the figure below.

Fig5.1: Ageneral two-portnetworkwithterminal voltagesand currentsspecified. The two- port network
iscomposed of linear elements, possibly including dependent sources, but not containing any independent

Sources.

The voltage and current at the input terminals are V1 & 11,and V2 & I are voltage and current at the output port. The directions of I and I,
are both customarily selected as into the network at the upper conductors (and out at the lower conductors). Since the network is

Malla Reddy College of Engineering and Technology (MRCET)
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Linear and containsnoindependentsourceswithinit, Ve may be considered tobe the superposition of two components,onecausedby I1

Andtheotherbyl,.Whenthesameargumentisappliedto Vs, we get the set of equations
V1=21111+21212

V2=22111+22212

[V1=[Z][1

Where [V]][Z] and [l]areVoltage,impedanceandcurrentmatrices. Thedescriptionofthe Z parameters, definedintheabove

equationsisobtainedbysettingeachofthe currentsequal to zero as givenbelow.
Z1=Vi/l1 | 1,=0 Z12=V1/12 | 11=0 Z21=V2/l1 | 1,=0 Z2=V3ll, | 11=0

Thus, sine zero current results from an open-circuit termination, the Z parameters are known as the Open-circuit Impedance
parameters. And more specifically Z11 & Z; are called Driving point Impedances and Zi2 & Z»1 are called Reverse and

Forward transfer impedances respectively. A basic Z parameter equivalent circuit depicting the above defining equations is

shown inthe figure below.

Fig 5.2: Z-Parameter equivalent circuit

Malla Reddy College of Engineering and Technology (MRCET)
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Admittance parameters: ('Y Parameters or Short circuit admittance parameters)

The same general two port network shown for Z parametersis applicable here also and is shown below.

Fig5.3: Ageneral two-port network with terminal voltages and currents specified. The two- port network

iscomposed of linear elements, possibly including dependent sources, but not containing any independent
sources.

Since the network is linear and contains no independent sources within, on the same lines of Z parameters the
defining equations for the Y parameters are given below. I1 and I, may be considered to be the superposition of
two components, one caused by V1 and the other by V2 and then we get the set of equations defining the Y

parameters.
11=Y11V1+Y12V2

12=Y21V1+Y22V2

Where the Ys are no more than proportionality constants and their dimensions are A/V (Current/\Voltage).

Hencetheyarecalledthe Y (oradmittance) parameters. Theyarealso defined in the matrix form given below.

Malla Reddy College of Engineering and Technology (MRCET)
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And in much simpler form as

[11=[YIIVI]

Theindividual Y parameters are defined on the same lines as Z parameters but by setting either of the voltages V1 and

V2 aszeroasgiven below.
The most informative way to attach a physical meaning to the y parameters is through a direct inspection of defining
equations. The conditions which must be applied to the basic defining equations are very important. In the firstequation
for example; if we let V; zero, then Y11 is given by the ratio of 11 to V1. We therefore describe Y1 as the admittance
measured at the input terminals with the output terminals short-circuited (V2 = 0). Each of the Y parameters may be
described as a current-voltage ratio with either V1= 0 (the input terminals short circuited) or V2 = 0 (the output terminals

short-circuited):

Y1 =11/V1 with V2=0
Y12 = 11/V2 with V1=0
Y21 =12/V1 with V2=0
y22 = 12/V2 with V1=0

Because each parameter isan admittance which is obtained by short circuiting either the output or the input port,
the Y parameters are known as the short-circuit admittance parameters. The specific name of Y11 is theshort-
circuit input admittance, Y22 is the short circuit output admittance, and Y12and Y21 are the short-circuit reverse

and forward transfer admittances respectively.

. T
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h parameter representation is used widely in modeling of Electronic componentsand circuits particularly Transistors.Hereboth
shortcircuitandopencircuitconditionsareutilized.

The hybrid parameters are defined by writing the pair of equations relating V1, I1, V2, and I2:

V1=hi.l1+h12.V2
I =h21.11+h22.V2

The nature of the parameters is made clear by first setting V2 = 0. Thus,

hi1 = V1/l1 with V2=0 = short-circuit input impedance

hai=12/11  withV2=0 = short-circuit forward current gain

Then letting 11 = 0, we obtain hi2 = V1/V2 with 1:=0 = open-circuit reverse voltage gain

h22 = 12/V2 with 1:=0 = open-circuit output admittance

Since the parameters represent an impedance, an admittance, a voltage gain, and a current

gain, they are called the “hybrid’” parameters.

The subscript designations for these parameters are often simplified when they are applied to transistors. Thus, hus,
h12, ho1, and ha2 become h;, hy, hy, and ho, respectively, where the subscripts denote input, reverse, forward,

and output.

Malla Reddy College of Engineering and Technology (MRCET)
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Transmission parameters:

The last two-port parameters that we will consider are called the t parameters, the ABCD parameters, orsimplythe
transmission parameters. Theyaredefinedbytheequations

Vi=AV2-B.l2
1:=C.V2-D.I2

and in Matrix notation these equations can be written in the form

I -]
o—rﬁl——o 0——"2—7—0
In V] Vz Out
sk —0 o .

Fig 5.6: Two port Network for ABCD parameter representation with Input and output Voltages

andcurrents

The minus signs that appear in the above equations should be associated with the output current, as (—12). Thus,
both I, and I, aredirected totheright, the direction of energy or signal transmission.

Note that there are no minus signs in the t or ABCD matrices. Looking again at the above equations

we see that the quantities on the left, often thought of as the given or independent variables, are the input voltage and
current, V1 and ly; the dependent variables, V, and I, are the output quantities. Thus, the transmission parameters

provide a direct relationship between input and output. Their major use arises in transmission-line analysis and in
cascadednetworks.

The four Transmission parameters are defined and explained below.
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A = Vi/V2 with I2 =0 = Reverse voltage Ratio C
= 11/V2 with 12 =0 = Transfer admittance

Next B and D are defined with receiving end short circuited i.e. with Vo =0
B=Vv/-I2 with V2= 0 = Transfer impedance

D=1./-12 with V2= 0 =Reversecurrentratio

Inter relationships between different parameters of two port networks:

Basic Procedure for representing any of the above four two port Network parameters interms of the other parameters

consists of the following steps:

1. Write down the defining equations corresponding to the parameters in terms of which the other parameters
are to be represented.

2. Keepingthe basic parameters same, rewrite/manipulate these two equationsinsuch away that the variables V1,V>
JI1,and I, are arranged corresponding to the defining equations of the first parameters.

3. Thenby comparing the parameter coefficients of the respective variables V1,V2,l1,and I, on the righthandside
ofthetwosetsofequations we cangetthe interrelationship.

Z Parameters in terms of Y parameters:
Though this relationship can be obtained by the above steps, the following simpler method is used for Z

intermsof Yand Y interms of Z:

ZandY beingthe Impedanceandadmittance parameters (Inverse),inmatrix notationtheyare governed by the

following inverse relationship.

(Z]=[Y]"
Or;
-1
[Zn le}z[yn le]
ZZ] ZZZ Y21 Y22
Thus :
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[ . T, Y., i
LHem AY =[ ):: Y:}=Yu Yy =Y, YZl]

Z Parameters in terms of ABCD parameters:

The governing equations are:
Vi=AV;-Bl;
1 =CV2-Dl;

fromthe second governingequation [l:= CV2 — DI, ] we canwrite

_[1,.D .7
VV{E"”E'IZJ A-BI,

A AD-BC
== 1, %
C € 2
. :.‘_:;’Z‘:o—sc
i C
Z g
nT o taT e

Now substituting this value of V2 in the first governing equation [V1 = AV — Bl2] we get

Comparing these two equations for V1 and V2 with the governing equations of the Z parameter network we get Z
Parametersinterms of ABCD parameters:
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Z Parameters in terms of h parameters:

Thegoverningequationsofhparameternetworkare: V1 = h1111 + h12V2

12 =h2111+h22V2

From the second equation we get

Substituting this value of V2 in the first equation for V1 we get:

=yl shy Y,

Now comparing these two equations for V1 and V2 with the governing equations of the Z
Parameter network we get Z Parameters in terms of h parameters:

L Ah _
Zyy =+ Zys >
h;,-, [ P
Zith hy, 7 _1
21 h ’ : ‘ly

. Here Ah = hi1h2z2—hi2ha

Y Parameters in terms of Z parameters:

Y and Z being the admittance and Impedance parameters (Inverse),in matrix notationthey are governed by
the following inverse relationship.

[¥)=(Z]™

Or:

[Yu le}z{z“ 212‘1—1
Yn Y| | Z, Z, |
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R-18
Thus:
Y =_Z_Z£, 3 -_-_%i
B A7 32 rZ
Z P
Y21 :—.._zl,-)’_f :-——:"
TR R g

Here AZ = Zi1Zx2—-Z7Z12721

The other inter relationships also can be obtained on the same lines following the basic three steps given in
thebeginning.

Conditions for reciprocity and symmetry in two port networks:

Atwo portnetworkissaidtobe reciprocal ifthe ratio of the output response variable tothe inputexcitationvariableis
same whenthe excitationand response portsare interchanged.

Atwo port network is said to be symmetrical if the port voltages and currents remain the same when the input and
output ports are interchanged.

InthistopicwewillgettheconditionsforReciprocity andsymmetry forallthefournetworks. Thebasicprocedure
foreachofthenetworksconsistsofthefollowingsteps:

Reciprocity:

e First we will get an expression for the ratio of response to the excitation in terms of the particular

parameters by giving voltage as excitation at the input port and considering the current in the output port as
response (by shortcircuitingthe output porti.e setting V2 aszero

). i.e find out (I2 /V1)

Then we will get an expression for the ratio of response to the excitation in terms of the same parameters by

giving voltage as excitation at the output port and considering the current in the input port as response ( by short
circuitingtheinput porti.e.settingViaszero).i.efind out ( 11 /V2)

Equatingthe RHS of these two expressionswould be the condition for reciprocity
Symmetry:

FirstweneedtogetexpressionsrelatedtotheinputandoutputportsusingthebasicZorY parameter equations.
Thentheexpressionsfor Ziand Z2 (or Yii1and Y22) areequated togetthe conmditionfor reciprocity.
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Z parameter representation: Condition for
reciprocity:
Let us take a two port network with Z parameter defining equations as given below:
Vi=Z11h+Z15l, Vo=
Inli+Z2l
First we will get an expression for the ratio of response (l2) to the excitation (V1) in terms of the Z
parameters by giving excitation at the input port and considering the current in the output port as

response ( by short circuiting the output porti.e. setting V2 as zero ). The corresponding Z parameter circuit
for this condition is shown inthe figure below:

—> O O f|-——a—

(Plnotethedirectionofl;isnegativesincewhen Vzport isshortedthe currentflowsinthe other direction)

Then the Z parameter defining equations are :
Vi= Z11.11-Z12.Jand O

= Zo1.11=Z22.1

Toget theratioof response (I2) to the excitation (V1) in termsof the Zparameters liis tobe
eliminated fom the above equations.

Sofromequation2intheabovesetwewillget l1=l2. Z22/ Z21

And substitute this in the first equation to get
Vi= (Z11.12.Z22/ Z21) - Z12.12 = L[(Z11.Z22/Z21)-712] = 12[(Z11.Z22-712.Z21) / Z21) ] 12 -
Vi.Z21/(Z11 . Z22— Z12.721)

Next, we will getan expression for the ratio of response (I1) tothe excitation (V2) interms of the Z
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parameters by giving excitation V2 at the output port and considering the current 1 in the input port as
response (by short circuiting the input port i.e. setting V1 as zero). The corresponding Z parameter
circuitforthis conditionis showninthefigure below:

1,
—o0 o—{— —
‘
- In Out v,
Ot

(PInotethedirectionofcurrentlisnegativesincewhenViportisshortedthecurrentflows in the other
direction )

Then the Z parameter defining equations are :

0 =-7Z11.11 +Z12.12 and

Vo ==Zo1.1l1+7Z2. 12

Toget theratioof response (11) to the excitation (V2) intermsof the Zparameters lzis tobe
eliminated fom the above equations.

Sofromequationlintheabovesetwewillget l2 = l1. Z11/ Z12

And substitute this in the second equation to get

V.= (222-11-211/212)—221-11 = 11[(211-222/212)—221] = 11[(211-222—212-221)/ Z12) ]

l1 = V2. Z12/(Z11 . Z22= Z12.Z21)

Assuming the input excitations V1 and V2 to be the same, then the condition for the out responses
l1 and I2 to be equal would be
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Zip=12y

And this is the condition for the reciprocity.

Condition for symmetry:

Togetthis condition we need to getexpressionsrelated to the inputand output ports using the basic Z
parameter equations.

Vi=Zyli+Z1l, Vo=
Zyli+Zyl;

To get the input port impedance Iz is to be made zero. i.e V2 should be open.

Vi=2Z11.1 ie Zy = V1/|1 | [,=0

Similarly to get the output port impedance 11 is to be made zero. i.e V1 should be open.

V2=22 .12 i.e Zn= V2/|2| [1=0

Conditionfor Symmetryis obtained whenthe two portvoltagesare equali.e. V1=Vzandthe two port
currents are equal i.e. l1=12. Then

V1/|1 = V2/|2 ieZiu=2»

And hence Z11 = Z,; isthe condition for symmetryinZ parameters.
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Y parameter representation:

Condition for reciprocity :

Let us take a two port network with Y parameter defining equations as given below:

l1=Y11Vi+Y12Va o=

YuVi+Y2,V,

First we will get an expression for the ratio of response (l2) to the excitation (V1) in terms of the Y
parameters by giving excitation (V1) atthe input port and considering the current (I2) inthe output port
asresponse (by shortcircuiting the output porti.e. setting V2 as zero)

Then the second equation in Y parameter defining equations would become

l[2=Y21V1+0and 2/Vi = Ya

Then we will get an expression for the ratio of response (I1) to the excitation (V2) in terms of the Y
parameters by giving excitation (V2) atthe output port and considering the current (I1) inthe input port
asresponse (byshortcircuitingthe inputporti.e setting Vi as zero)

Then the first equation in Y parameter defining equations would become

|1=0 +Y12V2 and |1/V2 = Y12

Assuming the input excitations V1 and V2 to be the same, then the condition for the out responses
l1 and I2 to be equal would be

l1/V2 = 1/V1

AndhenceY1,=Y:: istheconditionforthereciprocityintheTwoportnetworkwithY parameter
representation.
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Condition for symmetry:

To get this condition we need to get expressions related to the input and output ports ( In this case Input
and outputadmittances) usingthe basic Y parameter equations

l1=Y11Vi+Y V2 o=

YuVi+Y2,V,

To get the input port admittance, V2 is to be made zero. i.e V2 should be shorted.

l1=Y11.V1 i.e Y11 = |1/V1 |V2=0

Similarly to get the output port admittance V1 is to be made zero. i.e V1 should be shorted.

l2=Y22.V2 ie Y2 =1/V2 | V1=0

Condition for Symmetry is obtained when the two port voltages are equal i.e. V1 = V2 and the two port
currentsare equali.e. l1 =l2. Then

l1/V1=1/V,

And hence Y11 = Y22 isthe condition for symmetryinY parameters.

ABCD parameter representation:

Condition for reciprocity:

Let us take a two port network with ABCD parameter defining equations as given below:
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V1 = A.Vz - B.Iz
I1 =C.V2-D.l2

First we will get an expression for the ratio of response (I2) to the excitation (V1) in terms of the ABCD
parameters by giving excitation (V1) at the input port and considering the current (I2) in the output port as
response (by short circuitingthe output porti.e. setting V2 aszero)

Then the first equation in the ABCD parameter defining equations would become

V1 = 0 - B.lz = B.Iz

i,el2/Vi=-1/B

Then we will interchange the excitation and response i.e. we will get an expression for the ratio of response (I1)
to the excitation (V2) by giving excitation (V2) at the output port and considering the current (1) in the input
portas response (by shortcircuiting the input porti.e. setting V1 as zero)

Then the above defining equations would become
0 =A.V2—B.Iz 11
=C.V2 —D.Iz

Substituting the value of 2 = A.V2 /B from first equation into the second equation we get

I;=CV,-D.AV,/B=V, (C-D.A/B)

ie l/V2=(BC-DA)/B =-(AD-BC)/B

Assuming the input excitations V1 and V2 to be the same , then the condition for the out responses
l1 and I2to be equal would be

l1/V2 = 1/V1
ie -(AD-BC)/B = -1/B
i.e (AD-BC) =1
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Andhence AD-BC=1 istheconditionforReciprocityinthe Two portnetworkwith ABCD
parameter representation.

Condition for symmetry:

Togetthisconditionwe needtogetexpressionsrelatedtotheinputandoutputports. Inthis caseitiseasy
to use the Z parameter definitions of Z11 and Z22 for the input and output ports respectively and get their
valuesinterms ofthe ABCD parameters as shown below.

V1 =A.V2—B.Iz 11

=C.V2 —D.lz

Z11=Vi/l1 | 1=0
Applying this in both the equations we get
Zu=Vi/li| ;=0  =(A.V2=B.1)/(C.V2=D.I2) | 1,=0
= (A.V2 - B.0)/(C.V; - D.0)

= (A.V2)/(C.V2) = AIC

Z11=A/C
Similarly Z2=Va/l; | 11=0
and using this in the second basic equation I = C.V2-D.I2
weget 0 = C.Vz-D.I;or C.V,=D.I; V; /
I.=D/C
Z22 =DIC
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Andthe conditionforsymmetrybecomes Z11 = Z»2i.e AIC=D/COr A=D
Hence A =D is the condition for Symmetry in ABCD parameter representation.

h parameter representation:

Condition for reciprocity :

Let us take a two port network with h parameter defining equations as given below:

Vi=hiili+h2.V2 I

=h21.11+h22.V2

First we will get an expression for the ratio of response (I2) to the excitation (V1) in terms of the h
parameters by giving excitation (V1) attheinput port and considering the current(I2) inthe output port
asresponse (by shortcircuiting the output porti.e. setting V2 aszero)

Then the first equation in the h parameter defining equations would become

Vi = hi11.Ii+h12.0 = hii.I4

And in the same condition the second equation in the h parameter defining equations would become

I, = h21.11+h22.0 = h21. I1

Dividing the second equation by the first equation we get

I/ Vi = (h21.11) / (h11.11) = h21 /hig

Now the excitation and the response ports are interchanged and then we will get an expression for
the ratio of response (l1) to the excitation (V2) interms of the h parameters by giving excitation (V2) at
the output port and considering the current (I1) in the input port as response ( by short circuiting the
input porti.e. setting Vi aszero)
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Then the first equation in h parameter defining equations would become

0=h11.11+h12.V2 i.e h11.11= —h12.V2

i.e. |1/V2= —h12/h11

Assuming the input excitations V1 and V2 to be the same, then the condition for the out responses
l1 and I2 to be equal would be

l1/V2 I PYAYA

i,e= —=hi2/hi1i1= ha2i/h11

i.e. h12 == th

Andhence[hi2= — hz1] isthecondition for thereciprocity inthe Two portnetwork with h
parameter representation.

Condition for symmetry:

To get this condition we need to get expressions related to the input and output ports. In this case also itis
easytousethe Z parameter definitions of Z11 and Z22 for the input and output ports respectively and get
theirvaluesintermsofthe h parametersas shownbelow.

h parameterequationsare: Vi=ha I+ h12.V2
I = hz1. 11 + h22.V;
First let us get Z11 :

Z11=V4/l1 | =0
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=h11+h2.Vo / It

Applying the condition 12=0 in the equation 2 we get

0 =h21.11+h22.V2 i.e —h21. 11 = hzz.Vz

or V2 = l1(=h21/ h22)

Now substituting the value of V2 = I1 (=h21 / h22) in the above first expression for V1 we get
Vi=hi. 11 + hyo. 11.( -h2; / hz2 )
OrVi/l1 = (hi1.h22 —=hi2.h21)/ h22 =Ah/h22

Or Zi1=Ah/h2

Where Ah = (h11.h22 —h12.h21) Nowletus
get Zzz :

Z22 = Vo/I2| 11=0

Applying the condition I1 = 0 in the second equation we get

I = h21. 0+ hzz.Vz ie Vz/Iz = 1/ hzz
And Zz2= 1/h2

Hence the condition for symmetry Z11 = Z22 becomes (Ah /h22) = (1/ h22 ) i.e Ah =1

Hence Ah =1 is the condition for symmetry in h parameter representation.
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all four parameters.

Condition for
c.symmetry

=2 -~
L [ Zzz

X e
o iR YZ]

Lh=1

A=D

Different types of interconnections of two port networks:

Series Connection:

Though here only two networks are considered, the result can be generalized for any number of two port
networks connected in series.

Refer the figure below where two numbers of two port networks A and B are shown connected in series. All
the inputand output currents & voltages with directions and polarities are shown.

/A [,A
L "/?‘. A Vj/\ ?
’ v
In 1,B ¥ Out
Lovs] | Bl [ws
=& e

Fig : Series connection of two numbers of Two Port Networks

Open circuitImpedance parameters (Z)areusedincharacterizingtheSeriesconnectedTwo port
Networks.Thegoverningequations withZ parametersaregivenbelow:
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For network A :

Via =Zya hia +Zpp 124

Voa =Zyia lia +Zyp s
And for network B:

Vie =Zyp Lip * Z1ap 1op

Vas =Zyip Lig + Zopg 1y

Referring to the figure above the various voltage and current relations are:

L=l =1y

Iy =1, =,
V2 = VZA - VZB
Vi=Viu+Vy

Now substituting the above basic defining equations for the two networks into the above expressions
forViandV2 andusingthe above current equalities we get:

Vi=Via+ Vi

=Ly alia +Zipa )+ 2yl + 2o 15y

=L (Zya +Zypg)+ 1, (Z,), +Z

124 128)

And similarly

V2 = VZA + VZB

=Ly plia+ Zpalap) + (Zyyplig + Zypplp)

Va=0h(Zya +Zpg)+ 1) (Zyp + Zp5)
Thus we get for two numbers of series connected two port networks:

v, :(Z?f ¢ 7 ZHI‘,) II ’ (zlz,‘i Y /|_1[g) Iz

Vo=(Zy, + Zog) 1) + (Zyy + Zp) I

Or in matrix form:

- A

- 114

” : "
. ns Zi24 * _Alzn}'

N N

I
!

4

V. +
L %24 <Z::A “NB “~24 ’/'221:
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ThusitcanbeseenthattheZparametersfortheseriesconnectedtwoportnetworksarethe sumoftheZ
parameters ofthe individual two port networks.

Cascade connection:

In this case also though here only two networks are considered, the result can be generalized for any
number of two port networks connected in cascade.

Refer the figure below where two numbers of two port networks X and Y are shown connected in cascade.
Allthe input and output currents & voltages with directions and polarities are shown.
Iy ~]

’l /’\ _IZY ZY ‘Iz

t +

Vi Vi x X sz VIY ¥ sz 0‘:32t

LB | | L

Fig 5.8: Two numbers of two port networks connected in cascade

Transmission (ABCD)parameters areeasilyusedincharacterizingthe cascade connected Two
port Networks .The governing equations with transmission parametersare given below:

For network X:

Vix = Ax Vox = By lox
Ix =Cx Vax = Dx Inx

And for network Y:

Referring to the figure above the various voltage and current relations are:

L =hxi=-Ly=Ly:l, =1

Vi=Vix iVox =Viy iVa =V,

Then the overall transmission parameters for the cascaded network in matrix form will become
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[VIJ-[VI,\' ,{/}\ Bx][ sz]
L Ly Cx Dy Ihx
[ '}x By { VwJ
X “,\JL In
= f},\' B.\'T{ Ay By M Vay ]
_Lx Dx_ ; Cy DY ~12\
& &8 3104
.L/\' Dx_ Cy Dy "I)
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Where

A B
(&% 2
| X I\,

A, H\ '
D, D,

Thusitcan be seen thatthe overall ABCD Parameter matrix of cascaded two Port Networks is the productofthe
ABCD matrices of theindividual networks.

Parallel Connection:
Though here only two networks are considered, the result can be generalized for any number of two port
networks connected in parallel.

Refer the figure below where two numbers of two port networks A and B are shown connected in parallel.
Allthe input and output currents & voltages with directions and polarities are shown.

-?,.—f—é—.—
P ] /; 4 A
&—o——
l [;:
| 'h._.’—t—l
Vis B
I‘__——;— 3

Fig 5.9: Parallel connection oftwo numbers of Two Port Networks
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Short circuit admittance (Y) parameters are easily usedin characterizing the parallel connected Two port
Networks.ThegoverningequationswithY parametersaregivenbelow:

For network A:
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E
=Ly =Yna Via + Y24 Voa
Ly =Yp4 V14 + T4 Vs

And for network B:

Lz =Ys Vig * Y128 Vi

L =Y5p Vig + Yop Vo,

Referring to the figure above the various voltage and current

V, =V, =V V=V, =V

IB' 2B
L=y, +Eg il =1+
Thus
I!=Iu4-1
=0 Vo a* Yi24V24) + (N 5V18 + Y28V28)

=+ ns’vl +(Ypps +Y128) V>

L=1,,

’quvx *Yzz»x Vig) + (Yor Y18 + Y23Y28)

=(Ym + ZlB)Vl +(YZZA 5 228)V2

Thus we finally obtain the Y parameter equations for the combined network as:

=( + “3)"’ ‘(Yr’a *les)vz
'2”“::.4 +Yo) V; + (Yu +Ypp) Vs

And in matrix notation it will be:

relations

R-18

are:
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["’i- Noon * Yoas Yioa * Yus || V1 |
Sl o * Yos Yoo * Y8 L

Thus it can be seen that the overall Y parameters for the parallel connected two port networksarethe
sumoftheYparametersoftheindividualtwoportnetworks.

Image impedances in terms of ABCD parameters:

Image impedances Zir and Ziz of atwo port network as shown inthe figure below are defined as two values
of impedances suchthat :

a) Whenporttwoisterminatedwith animpedanceZiz, theinputimpedanceasseenfromPort one is Zi1 and
b) Whenportoneisterminatedwith animpedanceZii,theinputimpedanceasseenfromPort two is Ziz

Figure 5.10: pertining to condition (a) above

CorrespondingRelationsare: Zi1=Vi/l1 and Zp=  Vao/-12
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Figure 5.10: pertining to condition (b) above

Corresponding Relationsare: Ziy=Vi/-11 and  Zp= Vo/lx

SuchImage impedances in terms of ABCD parameters for a two port network are obtained
below:

The basic defining equations for a two port network with ABCD parameters are :

V1 =A.V2—B.Iz 11

=C.V2 —D.lz

First let us consider condition (a).

Dividing the first equation with the second equation we get

_V, AV,-BI,
.1 e | X B S
1) O =DI,
Butwealsohave Zi2 = V2/=12 andsoV2=—Zi2l2. Substitutingthisvalue of Vsintheabove we get
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The basic governing equations [V1 = A.V2—=B.l2 ] and [l1 = C.V2 = D.l2 ] are manipulated to get

_ Dy, BI,
AD-BC AD-BC

= Cv'l Al]
AD-BC AD-BC

V;

2

Butwealsohave Zi1 = V1/-l1andsoV1=-Zi1il1.SubstitutingthisvalueofViintheabove we get:
_DZ,+B
5 CZ,+A
Solving the above equations for Zi1 and Zi2 we get :

AB 7 _ [BD

ST - Vac
Important formulae, Equations and Relations:

e Basic Governing equations in terms of the various Parameters:
Z Paramaters : Vi=Zul+ 71l

Vi=2Zaili+ 2l

= Y Parameters: l1=Y1uVi+Y2V2
L =YuVi+ Y\,
= hParameters: Vi=hi11. 11 +h2.V2
l2 = h2i.l1 + h22.V2

ABCD Parameters: Vi=AV2-B.l2
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I1 =C.V2-D.l2
e Conditions for Reciprocity and symmetry for Two Port Networks in terms of the various
parameters :
‘Condition for
. symmetry
4y =2y
=Yy
._x/'l = 1
ABCD AD-BC=1 B=D

e Relations of Interconnected two port Networks :

e The overall Z parameters for the series connected two port networks are the sum of the Z
parameters of the individual two port networks.

e Theoverall Y parameters for the parallel connected two port networks are the sum of the Y
parameters of the individual two port networks.

e Theoverall ABCD Parameter matrix of cascaded two Port Networks is the product of the ABCD
matrices of the individual networks.

Illustrative problems :

Example 1: Find the Z Parameters of the following Two Port Network and draw it's equivalent
circuit in terms of Z1 Z2 and Zs .
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Solution: Applying KVL to the above circuit in the two loops ,with the current notation as shown, the
loop equations for V1 and V2 can be written as :

VI = 1121 +(I1 + 12)23

or Vi=(Z,+2Z,) 1, + Z,1, A7)
and Vy=L,Z,+ (I, + 1) Z, »
or Vo=2,1, +(Z, + Z,) I, ...(if)

Comparing the equations (i) and (i) above with the standard expressions for the Z parameter equations
we get:

Ly =2 +Zy; 2., =Z;
Zy=2,;Z,,=2,+2,

Equivalent circuit in terms of Z1 Z2 and Zs is shown below.

Zoly 6,00p-2 V,

N~ J
"

Example 2: Determine the Z parameters ofthe 1r type two port network showninthe figure below.
AN\ 7 R402 I5
, :
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Solution:
From the basic Z parameter equations We know that

Z11=V1/l1 | 1,=0Z1,

=Vi/i2 | 11=0 Z»1 =
Vo/li | =0 Z =
V2/|2| |1=0

We will first find out Z11 and Z»1 which are given by the common condition 12 =0
1. Wecanobservethat Z11=V4/l1 with 1,=0isthe parallelcombinationofR;and (R2+R3).
Z11=R: (Rz + Rg) / (R1+R2 + R3)

2.Z221=V2/lh | 12=0

By observingthe network we find thatthe currentliisdividing into Isandlsas showninthe figure where
I3is flowing through R2(and Rsalso since 2=0)

Hence V2=1I3xRz
Fromtheprincipleofcurrentdivisionwefindthat I3 =l1.R1/(R1+R2+R3) Hence
V2=13xR2=[l1.R1/(R1+R2+R3)].R2 = I1.R1R2/(R1+R2+R)
And V2/l1 = R1 R2 / (R1+R2 + R3)
Z21= RiRz / (R1+Rz +R3)
Nextwe will find out Z12and Z22which are given by the common condition 11 =03. Z12 =

Va2 | 11=0
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Byobservingthe networkwefindthatthe currentlzisnowdividingintolsandlsas shownin the figure
where lsis flowing through R1 (and Rz also since 11=0)

Hence Vi=lsxR1
Againfromthe principle of currentdivision we find that 14 =12.R2/(R1+R2+Rs3) Hence V1
=laxR1=[l2.R2/(R1+R2+R3)].R1 = I2.R1R2/(R1+R2+R3)
And Vi/l2 = R1 R2/ (R1+R2 + R3)
Z12= Ri1Rz /(R1+Rz +R3)

4. We canagainobservethat Z22=V2/l2with l1=0isthe parallel combination of Rzand (R1 + R3)

Z22 = R2 (R1 + Rg) / (R1+R2 + Rg]

Example 3 : Determine the Z parameters of the network shown in the figure below.

1). Wewillfirstfind outZi; and Zz; which aregiven by thecommon condition I = 0 (Output open
circuited)

With this condition the circuit is redrawn as shown below.
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Since the current source is there in the second loop which is equal to 11 and |2 is zero, only current I1
flows through the right hand side resistance of 10Q and both currents I1( both loop currents ) pass
through the resistance of 5 Q as showninthe redrawn figure .

Now the equation for loop one is given by :

Vi=10x11+5(211)=2011and Vi/l1 = 20Q

s~ Vi/lh | [2=0 = Z11=20Q
Next the equation for loop two is given by :
V2=10x11+5(211)=2011and Va/l1 = 20Q

o Vollh | [2=0 = Z21=20Q

2). Nextwe will find out Z:z and Zz, which are given by the common condition I, = 0 (input open
circuited)

With this condition the circuit is redrawn as shown below.

100 1002 c

o
b

v,
d

Now since the current I1 is zero ,the current source of I1 would no longer be there in the output loop and itis
removed as shown in the redrawn figure. Further since input current I1= 0 ,there would be no current in the
input side 10Q and the same current I2 only flows through common resistance of 5 Q and output side
resistance of 10 Q .With these conditions incorporated, now we shall rewrite the two loop equations ( for
inputViandoutputVz)togetZizand Z22

Equation for loop one is given by :
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Vi= 51 ana V17|2 =50

V1/|2 ||1=0 = Z1,=5Q
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And the equation for loop two is given by:

V2= 10xl2+ 5xl2 =151 and Va/lo = 15Q
& Vall2 |I1=O = Z22=150Q

Finally: Z11=20Q ; Z1 =5Q; Z>1=20Q; Z» =15Q

Example4: Obtainthe opencircuitparametersofthe Bridged T network showninthefigure below
30

MWy

10 ¢

2Q

5Q

+
B
Al
l:-
d
& O— = e

= ¢

Open circuit parameters are same as Z parameters.

1). WewillfirstfindoutZ;andZ;;whicharegiven by thecommon conditionI; =0 (Output open

circuited)

With this condition the circuit is redrawn as shown below.

Malla Reddy College of Engineering and Technology (MRCET)



B.Tech (ECE) R-18

Fromtheinspection ofthe figure inthis condition itcan be seenthat (since lziszero) the two resistances
i.e the bridged arm of 3Q and output side resistance of 2Q are in series and together are in parallel
with the input side resistance of 1Q.

Hence the loop equation for V1 can be written as:
Vi=11x[(3+2) 1 + 5] =11 x 35/6 and Vi/l1 = 35/6
“ Vil [IL=0 = Z;;=35/6Q

Next the loop equation for V2 can be written as :

V2 =13x2 + 11x5
Butweknowfromthe principle of currentdivision thatthe currentls=11x[1/(1+2+3)] =11x 1/6 Hence V2= l1X

1/6x2+11x5 = 11x16/3 and V2/11=16/3 Q

2 Vol |=0 =  Z,=16/30Q

2). Nextwewill find out Z;; and Zz; which are given by the common condition I, = 0 (input open
circuited)

With this condition the circuit is redrawn as shown below.

30

>9
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Fromtheinspectionofthefigureinthiscondition itcanbe seenthat(sinceliiszero) thetwo resistancesi.e
the bridged arm of 3Q and input side resistance of 1Q are in series and together are in parallel with the
output side resistance of 2Q. Further I2 = Is+1s

Hence the loop equation for V1 can be writtenas: Vi =
[5 X1 +12x5
Butwe knowfromthe principle of currentdivision thatthe currentls=12x[2/(1+2+3)]=12x1/3 Hence V1= l2x
1/3x1+12x5 = I2x16/3 and V1/12=16/3Q
Vil [h=0 = Z1,=16/3Q

Next the loop equation for V2 can be written as:

V2=1le X2 + I2x5

Butweknowfromthe principle of currentdivisionthatthe currentle=12x[1/(1+2+3)]=12x (3+1)/6 = (12 X
213)

Hence V2 =12x (2/3)x 2 + 12x5 = I2 x 19/3 and V2/l2 = 19/3

o/l [L=0 = Z,,=19/3Q

Example 5 : Obtain Z parameters of the following 1 network with a controlled current source of
0.5 I3 in the input port.
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1). Wewillfirstfind outZi; and Zz; which aregiven by thecommon condition I = 0 (Output open
circuited)

With this condition the circuit is redrawn as shown below.

In this condition we shall first apply Kirchhoff's current law to the node ‘c’:
Then I1=0.5l3+13 (I3beingthe currentthrough the resistancesof8 Qand5Q)
i.e  11=0.5l3+I3 or l1= 1.5I3 or [3=11/1.5 i.e I3 =(2/3)l1

Now we also observe that V1 = I3(8+5) = 13. I3

Using the value of I3 = (2/3)11 into the above expressionwe get V1 =

13(2/3)l1 and Vi/ |1 = 26/3 = 8.67

2 Vi/li |ILb=0 = Z;;=8.67Q

Nextwe also observethatV2=5. 3 and substituting the above value of Is = (2/3)l1into this expression
for Vawe get:

V2=5.13i.eV2=5.(2/3)lxi.e V2/11=10/3 = 3.33Q

“Vo/li |I=0 =  Z,1=3.330

2). Nextwewill find out Z12 and Z2; which are given by the common condition I; = 0 (input open
circuited)

With this condition the circuit is redrawn as shown below.
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N €
+
VI,
| % 0.51 -~ V.
1’ 2 s f
b d ' f h

In this condition now we shall first apply Kirchhoff’s current law to the node ‘e’:

Then 12=0.5I3+13  (0.5.13being the current through the resistance of 8 Q and I3 being the current
through the resistances of 5Q )

i.e  12=0.5l3+I3 or l2= 1.5I3 or l3=12/1.5 i.e I3 = (2/3)l2

Nowwe alsoobservethatVi=(-0.513x8+13x5) = Is(itisto be noted here carefullythat—sign isto be taken
before 0.513x8sincethe currentflowsthroughtheresistance of8 Qnowinthe reverse direction.

Usingthe value of Is = (2/3)I2 into the above expression for Viwe get Vi1 =

(213)12 and Vi/lo=  0.67

A Vi |h=0 = Z1,=0.67Q

Nextwe also observethatV2=5. s and substituting the above value of Is = (2/3)l2into this expression
for V2we get:

V2=5.131.eV2=5. (2/3)l2i.e V2/12=10/3 = 3.33Q

& Vo/la |20 = Z,=3.330
Example 6 : Find the Y parameters of the following 1 type two port network and draw it's Y
parameter equivalent circuit in terms of the given circuit parameters.
I a g oo 1
1 4 2
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Applying KCL at node (a) we get

I1 = [3 + I4
I, = VIYA +(V1 “Vz)YB
11=V1 (YA+YB)+(-—YB)V2 -,('j)

Similarly applying KCL to node (c ) we get

l,=1s -1,
I =VoYe =(V] =V5) Yp
L =(=Yg)Vy +(Y- +Y5) V, (2]

Comparing the equations (i) and (i) above with the standard expressions for the Y parameter equations
we get:

Y =0 ) Y, =-Y,
Observing the equations (i) and (ii) above we find that :

e ThetermsVi(YatYg)and Va(Yc+Ys)arethecurrents throughthe admittances Yi:and Y22 and
e Theterms-Yg.V.and -Yg.V:arethedependentcurrentsourcesintheinputandtheoutput ports respectively.
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These observations are reflected in the equivalent circuit shown below.

Iy L
- O——— <0+
|
Vi Yy Y12V, Y3 Vs Yo V,

In the above figure Y11 = (Yat+ Ys) & Y22 = (Yc+Ys) are the admittances and

Y12.V2 =-Ys.V2 & Y21.V1=-Yg .V1 are the dependent current sources

Example 7: Find the Y parameters of the following network

j40 80

o— PO —— 000 —°
Z Z
Z, == -j160

© I <

Solution: We will solve this problem in two steps.

1. We shall first express the Z parameters of the given T network in terms of the impedances Z1, Z, and Zz using the
standardformulaswealready knowandsubstitutethe givenvaluesof Z1, Z, and Zs.

Zga == Y =Z5 = — 7 120 :
Zh = Z5 = — 7 160

Z5 = =5 = — 7 160 :
22;=22+23 = — 7 8O
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2. Thenconvertthe values ofthe Z parametersinto Y parametersi.eexpressthe Y parameters in terms of Z
parameters using again the standard relationships.

Y = ;{22
7:||Z:: "ZPZzl
]8()

© (-] 120)( -} 80)~( - 160)"
-j80 _—f _

16000 200
—'2510
o=l Sy o7
g Uiy 1221
160 “

= mho.
16,000 100 \
Zn
Zn Zzz "y Z12221
- } 120 - ]

16DOO © 133.33

Yin =

22

mho.

Example 8: Find the * h’ parameters of the network shown below. (fig12.34)
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First let us write down the basic ¢ h’ parameter equations and give the definitions of the ‘ h’
parameters.

Vi=hi1.Ii+h. Vo Iz

=h21.11 +h22.V2

h11 = Vi/l1 with V2=0 hoi =12/l with V2=0
h12=V1/V2 with11=0 ho2=12/V2  with [1=0
Now

1). Wewiillfirstfindouth;andhz; whicharegiven by thecommon condition V=0 (Output short
circuited)

In this condition it can be observed that the resistance Rc and the current source al: become parallel with
resistanceRs.

Forconvenience letusintroduce a temporary variable V asthe voltage atthe node ‘o’. Then the current
throughthe parallel combination of Rs and Rc would be equal to

V L. V(Rg +R-)
___RB Re - Rp R
Ry + RC

Then applying KCL at the node ‘o’ we get

V(R +R
e TR
Ry Re
1, (p@:M

RBRC

oo~ IR R,
(R + R¢)

Malla Reddy College of Engineering and Technology (MRCET)



B.Tech (ECE) R-18

NextapplyingKVLatinputportweget Vi = l1.Ra+V and Vi/l1=Ra+V/I1 Now using

the value of V we obtained above in this expression for Vi/ 11 we get

V. 1 R, I
hu:—l:RA (L=o) 5 e
I Rg + R~
R,(Rp+R.)+(1-a)R, R 4
=4 B TC B € ohnt
RB+RC

Again from inspection of the figure above it is evident that

2 1 (RB+RC)
Therefore
1 -
=2 g (R
I V,=0 (Rg +R¢)
~ (o RC+RB)
(Rp +R.) -~

2). Nextwe will find out h1> and hz; which are given by the common condition I = 0 (Input open
circuited)

Nowsince l1iszero, the currentsource disappears and the circuitbecomes simpler as shownin the figure
below.
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Now applying KVL at the output port we get:

V=1, (Rg +Re)

o L I
Iy =0 Ryzle

Vy

-

Again under thiscondition:
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Firstwe shallredrawthe givenlattice networkinasimpler formfor easy analysis as shown below.

I a x

. ¥
+ I
3

T
Vi cih—ﬁ;qrdzz

2

L s

N
N

i e

-
Y

Wewillthen findoutZ1andZz1whicharegivenbythecommonconditionl>=0(Output open circuited)

Itcanbe observedthattheimpedancesinthetwoarms‘ab’and‘xy’ aresamei.eZ1+Z2and their parallel
combination is ( Z1 + Z2)/2

Hence applying KVL at the input port we get

Z,. +7Z
v,=L| 1-—2
1 1( 2
‘V—1=Z’| A =Zl+Z2
gl L 2

Next we find that

Vy=V, =V, =(V, -1, 2,)-(V, - 1,Z,)
=1, Z,-1,Z,
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(Ve and Vb being the potentials at points ‘¢’ and ‘d’ )

It can also be observed from the simplified circuit that the currents Is and |4 through the branches ‘ab’
and ‘xy’ are equal since the branch impedances are same and same voltage V1 is applied across both the
branches. Hencethe current I divides equallyaslsandla

elz=1la=1/2

Now substituting these values of I3 and l4 in the expression for V2 above:

[ | Z,~2Z
y 15 1 2 1
VE 7”’ =_’_2_2—Zl
I 1m0 2

As can be seen the circuit is both symmetrical and Reciprocal and hence :
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Example 10: Find the transmission parameters of the following network (fig 12.51)

a I, 10 10 I

First let us write down the basic ABCD parameter equations and give their definitions.

V1 =A.V2—B.Iz 11

=C.Vz —D.lz

A =Vi1/V2 withl2=0
C= Ii/V2 withl2=0
B = Vi/-l2 with V2 =0

D = l1/=l> with V2= 0

1).WewillthenfindoutAandCwhicharegivenbythecommonconditionl;=0(Outputopen circuited)

The resulting circuit in this condition is redrawn below.

+
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Applying KVL we can write down the two mesh equations and get the values of A and C :

V, = I, x1+(I; = 15)2

or V, =31, -21, A0
and 0=(l,-1,)2+ 1, (1+1) =41, =21,
1 b
l, = l .ktt)
il (

P ] ” -~
V|, =31, —2/_’ 1, =21, (i
" Again,
] -~
5| =2 mho=C
v2 ,';, =1 3 .

Dividing equation (ii1) by (iv),

L —4-4

2.) Nextwe will find out Band D which are given by the common condition V; = 0 (Output short circuited)

The resulting simplified network in this condition is redrawn below.

Shorting
BRSOk > U5 A — Lo TS

. A AL A A :’/“nk
>y 5 957 § =)
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Thevoltage attheinputportisgivenby: Vi = l1x1+ (1 +12) x2
e Vi=3li+2lz (i)
Andthe meshequationfor the closed meshthrough ‘cd’isgivenby: 0 = I2x1
+(la+12)x2 or 312+ 211 = 0 or
li =-3/2).12 . (ii)

Using equation (ii) in the equation (i) above we get :
V1=-(9/2) I2 + 212 = -(5/2)l2
Or V1/-12= B = (5/2)

And from equation (ii) above we can directly get

11/-12 =D =3/2

Hence the transmission parameters can be written in matrix notation as :

R-18
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FAB]=4
LGRS e

NN | o

Here we can seethat AD-BC=1and A#D

Hence the network is Symmetrical but not Reciprocal.
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UNIT-III:
Locus diagrams:

» Resonance and Magnetic Circuits:

» Locus diagrams — Series and Parallel RL, RC, RLC circuits with variation of
various parameters —

» Resonance-Series and Parallel circuits,

» Concept of band width and quality factor.

» Magnetic Circuits- Faraday’s laws of electromagnetic induction,

» Concept of self and mutual inductance,

» Dot convention, Coefficient of coupling,

» Composite magnetic circuits,

» Analysis of series and parallel magnetic circuits.
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Locus Diagrams with variation of various parameters:
Introduction: In AC electrical circuits the magnitude and phase of the current vector depends upon the values of R,L&C when the

applied voltage and frequency are kept constant. The path traced by the terminus (tip) of the current vector when the parameters
R,L&Care varied s calledthe current Locus diagram . Locus diagrams are useful in studying and understanding the behavior of the
RLC circuits when one of these parameters is varied keeping voltage and frequency constant.

Inthis unit, Locus diagrams are developed and explained for series RC,RL circuits and Parallel LC circuits along with their internal
resistanceswhentheparametersR,LandCarevaried.

The term circle diagram identifies locus plots that are either circular or semicircular. The defining equations of such circle
diagramsarealsoderivedinthisunitforseriesRCandRL diagrams.

In both series RC,RL circuits and parallel LC circuits resistances are taken to be in series with L and C to highlight the fact that all
practical Land C components will have at least asmall value of internal resistance. Series RL circuit with varying Resistance
R:

Refer to the series RL circuit shown in the figure (a) below with constant X, and varying R. The current I, lags behind the applied

voltage V by aphase angle © =tan™(X./R) foragiven value of Rasshown inthe figure (b) below. When R=0we can see that the current
is maximum equal to /X and lies along the | axis with phase angle equal to 90°. When R is increased from zero to infinity the
current gradually reduces from /X to 0 and phase angle also reduces from 90°to 0°

Ascan beseen fromthe figure, the tip of the current vector traces the path of a semicircle

With its diameter along the +ve | axis.

Fig4.1(a): SeriesRL circuitwith Fig4.1(b): Locusofcurrentvector I with variation of R
Varying Resistance R
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The related equations are:

IlL=VIZ Sin6=XJ/Z orZ =Xu/Sin® andCos©=R/Z
Therefore IL = (V/XL) Sin©
For constant V and X, the above expression for I is the polar equation of a circle with diameter (V/XL) as shown in

the figure above.

Circle equation for the RL circuit: (with fixed reactance and variable Resistance):

The XandY coordinatesofthecurrentl are Ix= I

Sin® Iy =1.Cos ©
From the relations given above and earlier we get

Ix=(VIZ)(X/Z)= VXUZ®? e (1)
and ly=(VIZ)(RIZ) =VRIZZ = )

Squaring and adding the above two equations we get

12412 = V2(X24+R?)/ Z4= (V?Z3)I 2 = V222 e 3)
X Y L

From equation (1) above we have Z2=V X, /Ix and substituting this inthe above equation (3) we get:
I+ 1v? = V2 (VXL x) = (VIXL) Ix or
L+ =(VIXO)Ix =0
Adding (V/2XL)? to both sides ,the above equation can be written as
[Ix-VI2X PP+ V= (VI2X)? e (4)
Equation (4) above represents a circle with a radius of (V/2Xy) and with it’s coordinates of the
centre as (V/2X., 0)

Series RC circuit with varying Resistance R:

Refertothe series RC circuit shown in the figure (a) below with constant X¢c and varying R. The current I leads the
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applied voltage V by aphase angle © =tan(Xc/R) foragivenvalue of Ras showninthe figure (b) below. WhenR=0
wecanseethatthe currentismaximumequalto— V/Xcand liesalong the negative laxiswith phase angleequal to—
90°% When R is increased from zero to infinity the current gradually reduces from—V/Xc to 0 and phase angle
also reduces from—90°to 0°. As can be seen from the figure, the tip of the current vector traces the path of a semicircle

butnowwithitsdiameteralongthe negative l axis.

Circle equation for the RC circuit: (with fixed reactance and variable Resistance):

Inthe sameway aswegot forthe SeriesRL circuitwithvaryingresistance we cangetthecircle equation foran RC
circuitwith varying resistanceas:
[Ix + VI2Xc I+ Iv? = (VI2Xc)?

whose coordinates of the centre are (-V/2Xc , 0) and radius equal to V/2Xc
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v ZR 3 ~
/ RZ'/,
Fig4.2 (a):SeriesRCcircuitwith Fig4.2 (b):Locusofcurrentvectorlc
VaryingResistanceR with variation ofR

Series RL circuit with varying Reactance Xi:

Refer to the series RL circuit shown in the figure (a) below with constant R and varying X.. The current I
lags behind the applied voltage V by a phase angle © = tan"}(X/R) for a given value of R as shown in the
figure (b) below. When XL =0 we can see that the current is maximum equal to V/R and lies along the +ve V
axis with phase angle equalto 0°. When Xt isincreased from zero to infinity the current gradually reduces
from V/R to 0 and phase angle increases from 0° to 90°. As can be seen from the figure, the tip of the
current vector traces the path of a semicircle with its diameter along the +ve V axis and on to its
rightside.

V ‘LXI.: 0
IY/ ............ N
I; R
AVAYAY,
VIR
i %'XL 6
X== 0 “ly 2

Fig 4.3(a): Series RL circuit with varying X, Fig 4.3(b) : Locus of current vector I, with variation of X,
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Series RC circuit with varying Reactance Xc:

Refer to the series RC circuit shown in the figure (a) below with constant R and varying Xc. The current Ic
leads the applied voltage V by a phase angle 6= tan"(Xc/R) for a given value of R as shown in the figure
(b) below. When Xc=0we canseethatthe currentismaximumequalto V/R andliesalongthe Vaxiswith
phase angle equalto 0°. When Xcisincreased from zero to infinity the current gradually reduces from V/R
to 0 and phase angle increases from 0°to -90°. As can be seen from the figure, the tip of the current vector
traces the path of a semicircle with its diameter along the +ve V axis but now on to its left side.

TR I 0 X
Fig4.4(a):SeriesRCcircuitwithvaryingX¢ Fig4.4(b):LocusofcurrentvectorIcwith variation ofXc

Parallel LC circuits:

Parallel LC circuit along with its internal resistances as shown in the figures below is considered here for
drawing the locus diagrams. As can be seen, there are two branch currents Ic and I. along with the total
current I. Locus diagrams of the current I or Ic (depending on which arm is varied)and the total current |
aredrawn by varying R.,Rc, XL and Xc one by one.

Varying X,:
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BhesEcent Ic through the capacitor is constant since Rc and C are fixed and it leads the voltage veetag OV
tor
OlL. It's amplitude is maximum and equal to V/RLwhen Xv is zero and it is in phase with the applied voltage
V. When Xvis increased from zero to infinity it's amplitude decreases to zero and phase will be lagging the
voltage by 90°. In between, the phase angle will be lagging the voltage V by an angle 6. = tan* (XL/RL).
The locus of the current vector ILis a semicircle with a diameter of length equal to V/RL. Note that this is the
same locus what we got earlier for the series RL circuit with X. varying except that here V is shown
horizontally.
Now, to get the locus of the total current vector Ol we have to add vectorially the currents Ic and I.. We
knowthatto getthe sumoftwo vectors geometrically we haveto place one ofthe vectors staring point (we
will take varying amplitude vector I)at the tip of the other vector (we will take constant amplitude vector
Ic)and then join the start of fixed vector Ic to the end of varying vector I.. Using this principle we can get
the locus of the total current vector Ol by shifting the I semicircle starting point O to the end of current
vector Olc keeping the two diameters parallel. The resulting semi circle IcIBr shown in the figure in dotted
linesisthelocus of the total current vector Ol.
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Fig 4.5(b): Locus of current vector I in Parallel LC circuit when X, is varied from 0 to co

Varying X¢:
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Fig.4.6(a) parallel LC circuitwith Internal Resistances RLand Rcin series with L (fixed)and C
(Variable) respectively.

The current I. through the inductor is constant since RL and L are fixed and it lags the voltage vector OV
by an angle ©L = tan’ (XL/RL) as shown in the figure (b). The current Ic through the capacitance is the
vector Olc . It's amplitude is maximum and equal to V/Rc when Xc is zero and it is in phase with the applied
voltage V. When Xc is increased from zero to infinity it's amplitude decreases to zero and phase will be
leading the voltage by 90°. In between, the phase angle will be leadingthe voltage V by an angle ©c=tan'
(Xc/Rc). Thelocus of the current vector Ic is a semicircle with a diameter of length equal to V/Rc as shown
in the figure below. Note that this is the same locus what we got earlier for the series RC circuit with Xc
varying exceptthathereV is shown horizontally.

Now, to get the locus of the total current vector Ol we have to add vectorially the currents Ic and I. . We
knowthatto getthe sum of two vectors geometrically we haveto place one ofthe vectors staring point (we
will take varying amplitude vector Ic)at the tip of the other vector (we will take constant amplitude vector I.)
and then join the start of the fixed vector I. to the end of varying vector Ic. Using this principle we can get
the locus of the total current vector Ol by shifting the Ic semicircle starting point O to the end of current
vector Ol keeping the two diameters parallel. The resulting semicircle 1LIBt shown in the figure in dotted
linesisthelocus of the total current vector OI.
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Fig4.6 (b) : Locus of current vector I in Parallel LC circuit when X¢ is varied from 0 to co

Varying R;:

The currentlcthroughthe capacitor is constantsince Rcand C are fixed anditleads the voltage vector OV by
anangle ©¢ =tan* (Xc/Rc) as shown inthe figure (b). The current I through the inductance is the vector
OlL. It's amplitude is maximum and equal to V/XL when Rvis zero. Its phase will be lagging the voltage
by 90°. When R is increased from zero to infinity it's amplitude decreases to zero and itis in phase with
the applied voltage V. In between, the phase angle will be lagging the voltage V by an angle ©. = tan't
(XL/RL). The locus of the current vector I is a semicircle with a diameter of length equal to V/RL. Note that
thisisthe same locus what we got earlier for the series RL circuit with R varying except that here Vis shown
horizontally.
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Fig.4.7(a) parallel LC circuitwithInternal ResistancesR.(Variable) andR¢(fixed) inseries with L and C
respectively.

Now, to get the locus of the total current vector Ol we have to add vectorially the currents Ic and I . We
knowthatto getthe sum of two vectors geometrically we haveto place one ofthe vectors staring point (we
will take varying amplitude vector I)at the tip of the other vector (we will take constant amplitude vector
Ic)and then join the start of fixed vector Ic to the end of varying vector I.. Using this principle we can get
the locus of the total current vector Ol by shifting the I semicircle starting point O to the end of current
vector Olc keeping the two diameters parallel. The resulting semicircle IcIBr shown in the figure in dotted
linesisthelocus of the total current vector Ol.
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Fig 4.7(b) : Locus of current vector I in Parallel LC circuit when R, is varied from 0 to co

Varying R¢:
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Fig.4.8(a) parallel LC circuitwith Internal Resistances Rc (fixed) and Rc(Variable) in series
with L and C respectively.

The current I. through the inductor is constant since R. and L are fixed and it lags the voltage vector OV
by an angle ©L = tan (XL/RL) as shown in the figure (b). The current Ic through the capacitance is the
vector Olc . It's amplitude is maximum and equal to V/Xc when Rc is zero and its phase will be leading the
voltage by 90°. When Rcis increased from zero to infinity it's amplitude decreases to zero and it will be
in phase with the applied voltage V. In between, the phase angle will be leading the voltage V by an angle
Bc=tan* (Xc/Rc). The locus of the current vector Ic is a semicircle with a diameter of length equal to V/Xc
as shown in the figure below. Note that this is the same locus what we got earlier for the series RC
circuitwith R varying except that here V is shown horizontally.

Now, to get the locus of the total current vector Ol we have to add vectorially the currents Ic and I.. We
knowthatto getthe sumoftwo vectors geometrically we haveto place one ofthe vectors staring point (we
will take varying amplitude vector Ic)at the tip of the other vector (we will take constant amplitude vector I.)
and then join the start of the fixed vector I. to the end of varying vector Ic. Using this principle we can get
the locus of the total current vector Ol by shifting the Ic semicircle starting point O to the end of current
vector Ol keeping the two diameters parallel. The resulting semicircle 1LIBt shown in the figure in dotted
linesisthelocus of the total current vector OI.
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Fig 4.8(b) : Locus of current vector I in Parallel LC circuit when R¢ is varied from 0 to co

Resonance:

Series RLC circuit:

Theimpedance ofthe series RLC circuit shown in the figure below and the current I through the circuit are
given by :

Z=R+jwL+1/jwC=R+j(wL-1/wC) I =
Vs/Z

Fig 4.9: Series RLC circuit

The circuit is said to be in resonance when the Inductive reactance is equal to the Capacitive reactance.
l.e. XL = Xc or wL = 1/wC. (i.e. Imaginary of the impedance is zero) The frequency at which the
resonance occursis called resonant frequency. In the resonant condition when X.
=Xcthey cancel with each other since theyarein phase opposition(180°outof phase) and net impedance ofthe circuit
ispurely resistive. Inthis condition the magnitudes of voltages across
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the Capacitance and the Inductance are also equal to each other but again since they are of opposite
polarity they cancelwitheach otherandthe entire applied voltage appears acrossthe Resistance alone.
Solving for the resonant frequency from the above condition of Resonance : wL = 1/wC
2mfiL = 1/2mfC
f2=1/4mLC and f, =1/2mLC
In a series RLC circuit, resonance may be produced by varying L or C at a fixed frequency or by varying
frequency at fixed L and C.

Reactance, Impedance and Resistance of a Series RLC circuit as a function of frequency:

From the expressions for the Inductive and capacitive reactance we can see that when the frequencyis
zero, capacitance acts as an open circuit and Inductance as a short circuit. Similarly when the frequency is
infinity inductance acts as an open circuit and the capacitance acts as a short circuit. The variation of
Inductive and capacitive reactance along with Resistance R and the Total Impedance are shown plotted
inthe figure below.

As can be seen, when the frequency increases from zero to « Inductive reactance Xv (directly proportional
to w) increases from zero to « and capacitive reactance Xc (inversely proportional to w) decreases from
- t0 zero. Whereas, the Impedance decreases from « to Pure Resistance R as the frequency
increases from zero to fr( as capacitive reactance reduces from

- and becomes equal to Inductive reactance ) and then increases from R to « as the frequency
increases from fr to « (as inductive reactance increases from its value at resonant frequency to «)

Fig 4.10: Reactance and Impedance plots of a Series RLC circuit

Phase angle of a Series RLC circuit as a function of frequency:
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Fig4.11 : Phase plot of a Series RLC circuit

The following points can be seen from the Phase angle plot shown in the figure above:

1 Atfrequencies below the resonant frequency capacitive reactance is higher than the inductivereactanceand
hencethephaseangleofthecurrentleadsthevoltage.

- Asfrequencyincreases fromzerotof: the phase angle changes from-90°to zero.

[1 At frequencies above the resonant frequency inductive reactance is higher than the capacitivereactanceand
hencethephaseangleofthecurrentlagsthevoltage.

e Asfrequency increases from fr and approaches =, the phase angle increases from zero and approaches 90°

Band width of a Series RLC circuit:

The band width of a circuit is defined as the Range of frequencies between which the output power is
half of or 3 db less than the output power at the resonant frequency. These frequencies are called
the cutoff frequencies, 3db points or half power points. But when we consider the output voltage or
current, the range of frequencies betweenwhichthe output voltage or current fallsto 0.707 times of the
value at the resonant frequency is called the Bandwidth BW. This is because voltage/current are
related to power by a factor of ¥ 2 and when we are consider \ 2 times less it becomes 0.707. But still
these frequencies are called as cutoff frequencies, 3db points or half power points. The lower end
frequency is called lower cutoff frequency and the higher end frequency is called upper cutoff
frequency.
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Fig 4.12: Plot showing the cutoff frequencies and Bandwidth of a series RLC circuit

Derivation of an expression for the BW of a series RLC circuit:

We know that BW = f2 — f1 Hz

If the current at points P1 and P2 are 0.707 (1/\ 2) times that of | max ( current at the resonant frequency)
then the Impedance of the circuit at points P1 and P2is V2 R (i.e. V2 times the impedance at f)

ButImpedance atpointP1isgivenby: Z = VR2+(1/w1C—-w1l )? andequatingthisto V2R

we get : (VwiC)-—wiL=R - (1)
Similarly Impedance at point P2is given b y:Z= v RZ+(w2L—1/w2C )? and equating thisto
V2Rweget: wol — (1/w2C) =R~ -=-m- (2)

Equating the above equations (1) and (2) we get:

MwiC-wik = wol —1/w2C
Rearrangingwe get L(witwz) = 1/C[(witw2)/ wiwz] i.e wiw2 = 1LC
But we already know that for a series RLC circuit the resonant frequency is given by w? = 1/LC Therefore:
wiw2 = w 2 ---- (3)and 1/C = w 2L ------ (4) )
Next adding the above equations (1) and (2) we get:

1/w1C—-wil+wal—1/w2C =2R
(wz2—w1)L+(1/wi1C-1/w2C) =2R
(W2—w1)L+1/Cl(w2—w1)/wiw2) =2R - (5)

Usingthevalues of wiw2 and 1/C fromequations (3) and (4) above into equation (5) above we get:
(W2—w1)L + WAL [(w2—w1)/ w?) = 2R
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OrfinallyBandwidth BW =R2wL (7)

Sincefliesinthe centre ofthe lowerandupper cutofffrequenciesfiandf2 usingthe above equation (6)
we can get:

fi= f-RATL 8)
f = f+RATL 9)

Further by dividing the equation (6) above by fr on both sides we get another important
relation: (fa=f1)/ fr=R2mwfL or BW/fi=R2mwfL - (10)

Here animportant property of acoil i.e. Q factor orfigure of merit is defined as the ratio of the
reactance to the resistance of a coil.

Q=2wfL/R (11)
Now using the relation (11) we can rewrite the relation (10) as

Q=f/BW e (12)

Quality factor of a series RLC circuit:

The quality factor of a series RLC circuit is defined as:

Q = Reactive power in Inductor (or Capacitor) at resonance /Average power at Resonance

12X

Reactive power in Inductor at resonance
Reactive power in Capacitor at resonance = I?Xc
Average poweratResonance =I°R

Herethe powerisexpressedintheform 12X (notasV2/X)since liscommonthroughR.LandC inthe series
RLC circuitand it gets cancelled during the simplification.

Therefore Q = I?XL / IR =1?Xc / I°R
e Q= X/R=wl/R e 1)
Oor Q=Xc/R=1wRC (2)

From these two relations we can also define Q factor as :
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Substituting the value of wr = 1/VLCinthe expressions (1) or (2)for Q above we cangetthe value of Q
interms of R, L,C as below.

Q= (1/VLQ)L/R = (1/R)(NL/C)

Selectivity:

Selectivity of a series RLC circuit indicates how well the given circuit responds to a given resonant
frequency and how well it rejects all other frequencies. i.e. the selectivity is directly proportional to Q factor.
Acircuitwith a good selectivity (or a high Q factor) will have maximum gain atthe resonant frequency and will
have minimum gain at other frequencies .i.e. it will have very low band width. This is illustrated in the
figure below.

1. Frequency n

Fig 4.13: Effect of quality factor on bandwidth Voltage Magnification at resonance:

At resonance the voltages across the Inductance and capacitance are much larger than the applied
voltage in a series RLC circuit and this is called voltage magnification at Resonance. The voltage
magnificationis equaltothe Q factor ofthe circuit. Thisis proven below.

If we take the voltage applied to the circuit as V and the current through the circuit at resonance
as I then

ThevoltageacrosstheinductancelL is: Vi=IXL = (VIR)wrL and
ThevoltageacrossthecapacitanceC is: Ve =IXc=VIRw:C

But we know that the Q of a series RLC circuit = wr L/ R = 1/R wr C UsingtheserelationsintheexpressionsforVi and
Vcgivenaboveweget VL = VQ and Vc =VQ

The ratio of voltage across the Inductor or capacitor at resonance to the applied voltage in a series RLC
circuitis called Voltage magnification and s given by

Malla Reddy College of Engineering and Technology (MRCET)



B.Tech (ECE) R-18

Magnification = Q= V./V orVc/V
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Important points In Series RLC circuit at resonant frequency :

Theimpedance of the circuitbecomes purely resistiveand minimum i.e Z=R

The currentin the circuit becomes maximum

Themagnitudesofthecapacitive Reactanceand Inductive Reactance becomeequal

The voltage across the Capacitor becomes equal to the voltage across the Inductor at resonanceand is Q times
higherthanthe voltageacross the resistor

oOoooog

Bandwidth and Q factor of a Parallel RLC circuit:

Parallel RLC circuit is shown in the figure below. For finding out the BW and Q factor of a parallel
RLC circuit, since it is easier we will work with Admittance , Conductance and Susceptance
insteadofImpedance,ResistanceandReactancelikeinseriesRLCcircuit.

Iy

I I

T
v@ §R %L c

Fig 4.14 : Parallel RLC circuit

Thenwe havetherelation: Y=1Z=1R+1/jwL +jwC=1R +j(wC - 1/wL)

For the parallel RLC circuit also, at resonance, the imaginary part of the Admittance is zero and hence the
frequency at which resonance occurs is givenby: wrC - 1/wL =0.Fromthis weget: w:C =
1/wL and wr = 1ALC

which is the same value for wr as what we got for the series RLC circuit.

At resonance when the imaginary part of the admittance is zero the admittance becomes
minimum.(i.e Impedance becomes maximum as against Impedance becoming minimum in series
RLC circuit ) i.e. Current becomes minimum in the parallel RLC circuit at resonance ( as against current
becoming maximum in series RLC circuit) and increases on either side of the resonant frequency as
shown in the figure below.
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Fig 4.15: Variation of Impedance and Current with frequency in a Parallel RLC circuit

Here alsothe BW ofthe circuitis given by BW = fo-fiwhere f2and f1 are still called the upper andlower cut
off frequencies but they are 3db higher cutoff frequencies since we notice that at these cutoff frequencies
the amplitude of the current is V2 times higher than that of the amplitude of current at the resonant
frequency.

The BW is computed here also on the same lines as we did for the series RLC circuit:

I the current at points P1 and P2 is \ 2 (3db) times higher than that of Imin( current at the resonant
frequency) then the admittance of the circuit at points P1 and P2 is also v 2 times higher than the
admittance at fr)

Butamplitude of admittance at point P1isgivenby: Y = V1/R2+(1/w1il -wiC)? andequating this to \ 2 /R
we get

1wil = wiC =1R - (1)

Similarly amplitude of admittance at point P2is given by: Y = V1/R2+ (w2C - 1/w2L)? and equating this
to \ 2 /R we get

w2C - 1wl = 1/R ------- (2)
Equating LHS of (1) and (2) and further simplifying we get
1/wik - wiC

w2C - 1/w2L

1wl + /w2l wiC + w2C
/L [(w1 + w2)/ wiwz] = (w1 + w2)C

1ILC = wiw2
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Next adding the equations (1) and (2) above and further simplifying we get
1/wik — wiC + w2C - 1/wel = 2/R
(W2C — w1C) + (w1l — 1/w2l) = 2/R
(W2—w1)C+ UL[(w2—w1)/ wiwz] = 2R
Substituting the value of wiw2 = 1/LC
(w2 = w1)C + LC/L [(w2 - w1)] = 2/R
(W2-w1)C+C(w2-w1)] =2/R2C
[(w2 —wi1)] =2/R
Or[(w2z-w1)] = 1/RC
From which we get the band width BW = f2-f1 = 1/21m RC
Dividingbothsidesbyfr weget: (f-f1)/ fr=1/12wf RC - (1)

Quality factor of a Parallel RLC circuit:

The quality factor of a Parallel RLC circuit is defined as:
Q = Reactive power in Inductor (or Capacitor) at resonance /Average power at Resonance
Reactive power in Inductor at resonance = V2/XL
Reactive power in Capacitor at resonance = VZXc
Average poweratResonance = V2R

Here the power is expressed in the form V2/X (not as 12X as in series circuit) since V is common across R,L
andCintheparallel RLCcircuitanditgetscancelled duringthe simplification.

Therefore Q = (V2/XL) / (V?IR) = (V3/Xc) I (V3R)
ie.Q=R/XL=Rlw:lL e (1)
or Q= RIXc=wRC e 2)

From these two relations we can also define Q factor as :
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Q = Resistance /Inductive (or Capacitive ) reactance at resonance
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Substitutingthe value of wr = 1/JLC inthe expressions (1) or (2) for Q above we can getthe value of Q
interms of R, L,C as below.

Q= (1/VLO)RC = R(VC/L)

Furtherusingtherelation Q = wrRC (equation 2above)intheearlierequation(1)wegotin BWviz. (f2-f1)/fr=
1/21rf: RC weget: (fo-f1)/ fr =2/Q or Q =fr/ (fo-f1) = fr / BW

i.e. In Parallel RLC circuit also the Q factor is inversely proportional to the BW.

Admittance, Conductance and Susceptance curves for a Parallel RLC circuit as a function of frequency :

The effect of varying the frequency on the Admittance, Conductance and Susceptance of a parallel circuitis
shown in the figure below.

InductivesusceptanceBLisgivenbyBL = - 1/wL. Itisinverselyproportionaltothefrequencyw

and is shown in the in the fourth quadrant since it is negative.

Capacitive susceptance Bc isgivenby Bc = wC. Itisdirectly proportional to the frequency ®

and is shown in the in the first quadrant as OP .It is positive and linear.

NetsusceptanceB = Bc-BLandisrepresentedbythecurve JK.Ascanbeseenitiszeroatthe resonant frequency fr
The conductance G = 1/R andis constant

Thetotal admittance Y andthe total current | are minimum at the resonant frequency as shown by the curve VW

- /
’ v 4 B ~ = wC . =2 w.~
Admittance 3 >
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Fig4.16:Conductance,SusceptanceandAdmittanceplotsofaParallelRLCcircuit Current

magnification in a Parallel RLC circuit:

Justasvoltage magnificationtakesplace acrossthe capacitance and Inductance attheresonant frequencyin
a series RLC circuit, current magnification takes place in the currents through the capacitance and
Inductance at the resonant frequency in a Parallel RLC circuit. This is shown below.

Voltage across the Resistance =V = IR

Currentthroughthelnductanceatresonancel. = V/wrL = IR/wrL = . R/wrL =1Q Similarly

CurrentthroughtheCapacitanceatresonancelc=V/(1/w:C)=IR/(1/w:C) =I(Rw:C) = 1Q

From which we notice that the quality factor Q = I/ or Ic / | and that the currentthrough the inductance
andthe capacitanceincreases by Q times that of the currentthrough the resistor at resonance. .

Important points In Parallel RLC circuit at resonant frequency :

The impedance of the circuit becomes resistive and maximum i.e Z=R

The currentin the circuit becomes minimum

Themagnitudes of the capacitive Reactanceand Inductive Reactance become equal

Thecurrentthrough the Capacitorbecomesequalandoppositetothe currentthroughthe Inductoratresonance
andisQtimeshigherthanthe currentthroughtheresistor

Magnetic Circuits:

0.

Introduction to the Magnetic Field:

Magnetic fields are the fundamental medium through which energy is converted from one form to another in
motors, generators and transformers. Four basic principles describe how magnetic fields are used
inthese devices.

A current-carrying conductor produces amagnetic field inthe areaaround it.

Explained in Detail by Fleming’s Right hand rule and Amperes Law.

L

Atimevaryingmagneticflux inducesavoltageinacoil of wireifitpassesthroughthatcoil. (basis of

Transformeraction)

Explained in detail by the Faradays laws of Electromagnetic Induction.

2.
3.

Acurrentcarrying conductor inthe presence of amagnetic fieldhasaforce inducedin it (Basis of Motoraction)
A moving wire in the presence of a magnetic field has a voltage induced in it ( Basis of Generator action)
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Wewillbestudyinginthisunitthefirsttwo principlesindetailandthe othertwoprinciplesin the next unit
on DC machines.

Twobasiclawsgoverningtheproductionofamagneticfieldbyacurrentcarryingconductor:

The direction of the magnetic field produced by a current carrying conductor is given by the
Flemings Right hand rule and its’ amplitude is given by the Ampere’s Law.

Flemingsright hand rule: Hold the conductor carrying the current inyour right hand such that
the Thumb points along the wire in the direction of the flow of current, then the fingers will
encircle the wire along the lines of the Magnetic force.

——Wire

Ampere’s Law : The line integral of the magnetic field intensity H around a closed magnetic
path is equal to the total current enclosed by the path.

This is the basic law which gives the relationship between the Magnetic field Intensity H and the current |
and is mathematically expressed as

H.dl=|net

where H is the magnetic field intensity produced by the current Inet and dl is a differential element of
length alongthe pathofintegration. Hismeasuredin Ampere-turns per meter.

Important parameters and their relation in magnetic circuits :

o Consideracurrent carrying conductor wrapped around a ferromagnetic core as shown in the figure below.
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Mean path length [,

Applying Ampere’s law, the total amount of magnetic field induced will be proportional to the amount of current
flowing through the conductor wound with N turns around the ferromagnetic material as shown. Since the
core is made of ferromagnetic material, it is assumed that a majority of the magnetic field will be confined to the
core.

The path of integration in this case as per the Ampere’s law is the mean path length of the core, Ic. The current passing
withinthe pathofintegration Inet isthenNi, since the coil of wire cuts the pathofintegrationN timeswhilecarrying
thecurrenti.Hence Ampere’sLawbecomes: Hlc = Ni

Therefore H = Ni/lc

Inthissense, H (Ampere turns per meter) is known as the effort required to induce a magnetic field. The strength of the
magnetic field flux produced inthe core also depends on the material of the core. Thus: B = pH where

B = magnetic flux density [webers per square meter, or Tesla (T)]
p= magnetic permeability of material (Henrys per meter)
H = magnetic field intensity (ampere-turns per meter)
The constant 1 may be further expanded to include relative permeability which can be defined as below:
/Mo
where [o = permeability of free space (equal to that of air)

Hence the permeability value isacombination of the relative permeability and the permeability of free space. The value
of relative permeability is dependent upon the type of material used. The higher the amount permeability, the higherthe
amount of flux induced in the core. Relative permeability is a convenient way to compare the magnetizability of
materials.

Also, because the permeability of iron is so much higher than that of air, the majority of the flux inan iron core remains
inside the core instead of travelling through the surrounding air, which has lower permeability. The small leakage
fluxthatdoesleavetheironcoreisimportantin
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determining the flux linkages between coils and the self-inductances of coils in transformers and motors.
e Inacoresuchasshown inthe figure above

B =uH =uNi/I
Now, to measure the total flux flowing in the ferromagnetic core, consideration hasto be made in

terms of its cross sectional area (CSA). Therefore:

® = B. dA where: A = cross sectional area throughout the core.
Assumingthatthefluxdensityintheferromagneticcoreisconstantthroughouthence the equation
simplifies to: ®=BA

Takingthepreviousexpressionfor B we get @ = NiA/lc

Electrical analogy of magnetic circuits:

The flow of magnetic fluxinduced in the ferromagnetic core is analogous to the flow of electric currentinan
electrical circuit hence the name magnetic circuit.

The analogy is as follows:

(a) (b)

(a) ElectricCircuit (b) Electrical Analogy of Magnetic Circuit
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Referring to the magnetic circuit analogy, F is denoted as magnetomotive force (mmf) which is similar to
Electromotive force in an electrical circuit (emf). Therefore, we can say that F is the force which pushes magnetic
flux around a ferromagnetic core with a value of Ni (refer to ampere’s law). Hence F is measured in ampere turns.
Hence the magnetic circuit equivalent equation is asshown:

F = @.R (similar to V=IR)
We already have the relation ® = p NiA/l and using thisweget R=F/ ® = Ni/ ®
R=Ni/(nNiA/) =1/ pA

The polarity of the mmf will determine the direction of flux. To easily determine the direction of flux, the ‘right
hand curl’ ruleisapplied:

Whenthedirectionofthecurledfingersindicatesthedirectionofcurrentflowthe resulting thumb direction
will show the magnetic flux flow.

The element of R in the magnetic circuit analogy is similar in concept to the electrical resistance. It is
basically the measure of material resistance to the flow of magnetic flux. Reluctance in this analogy obeys the
rule of electrical resistance (Series and Parallel Rules). Reluctance is measured in Ampere-turns per weber.
The inverse of electrical resistance is conductance which isameasure of conductivity of a material. Similarly the
inverse of reluctance isknown aspermeance P which represents the degree to which the material permits the
flow of magnetic flux.

By using the magnetic circuit approach, calculations related to the magnetic field in a ferromagnetic
material are simplified butwithalittle inaccuracy.

Equivalent Reluctance ofaseries Magneticcircuit: Regseries=R1+ Rz +R3 + ...

Equivalent Reluctance of a Parallel Magnetic circuit:  1/Regparailel =1/R1+1/R2+1/R3+....
Electromagnetic Induction and Faraday’s law — Induced Voltage from a Time-Changing

Magnetic Field:

Faraday’s Law:
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Whenever a varying magnetic flux passes through a turn of a coil of wire, voltage will be
inducedinthe turnof thewire thatisdirectlyproportional to the rate of change of the flux
linkage with the turn of the coil of wire.

eind o< —d@/dt
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€ind = k. d@/dt

The negative sign in the equation above is in accordance to Lenz’ Law which states:

The direction of the induced voltage in the turn of the coil is such that if the coil is short
circuited, it would produce acurrent that would cause a flux which opposes the original change
of flux.

And k is the constant of proportionality whose value depends on the system of units chosen. In the Sl
system of units k=1 and the above equation becomes:

€ind = - d@/dt

Normallyacoilisusedwithseveralturnsandifthereare Nnumberofturnsinthe coilwiththe same amount
of flux flowing through itthen: eind = — N dQd/dt

Change in the flux linkage N@ of a coil can be obtained in two ways:

1. Coil remains stationary and flux changes with time (Due to AC current like in Transformers and this is called
Statically induced e.m.f)

2. Magnetic flux remains constant and stationary in space, but the coil moves relative to the magnetic field so asto
create a change in the flux linkage of the coil ( Like in Rotating machines and this is a called Dynamically induced
e.m.f.

Self inductance:

From the Faradays laws of Electromagnetic Induction we have seen that an e.m.f will be inducedina
conductor when a time varying flux is linked with a conductor and the amplitude of the induced e.m.f is
proportional to the rate of change of the varying flux.

If the time varying flux is produced by a coil of N turns then the coil itself links with the time varying flux
producedbyitselfand anemfwillbeinducedinthe samecoil. Thisis called self inductance .

The flux @ produced by a coil of N turns links with its own N turns of the coil and hence the total flux linkage is
equal to N@ = (M N2 A/ I) I [using the expression @ = u NiA/l we already developed] Thus we see
that the total magnetic flux produced by a coil of N turns and linked with itself is proportional to the current
flowingthroughthecoili.e.

NG «Ior NG =L 1

From the Faradays law of electromagnetic Induction, the self induced e.m.f for this coil of N turns is
givenby:
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eind = - N d@/dt = -L dl/dt
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The constant of proportionality L is called the self Inductance of the coil or simply Inductance and its
valueisgivenby L = (N2 A /). Iftheradius of the coil isr then:

L=(uN2nrz /1) i

From the above two equations we can see that Self Inductance of a coil can be defined as the flux
produced per unit current i.e Weber/Ampere (equationl) or the induced emf per unit rate of change of
currenti.e Volt-sec/ Ampere (equation 2)

The unit of Inductance is named after Joseph Henry as Henry and is given to these two
combinations as :

1H = IWbA! = 1VsA?

Self Inductance of a coil is defined as one Henry if an induced emf of one volt is generated when
the currentin the coil changes at the rate of one Ampere per second.

Henry is relatively a very big unit of Inductance and we normally use Inductors of the size of mH ( 10 H) or
uH (103H)

Mutual inductance and Coefficient of coupling:

Inthe case of Self Inductance an emf isinduced in the same coil which produces the varying magnetic
field. The same phenomenon of Induction will be extended to a separate second coil if it is located in the
vicinity of the varying magnetic field produced by the first coil. Faradays law of electromagnetic Induction
is equally applicable to the second coil also. A current flowing in one coil establishes a magnetic flux about
that coil and also about a second coil nearby but of course with a lesser intensity. The time-varying flux
produced by the first coil and surrounding the second coil produces a voltage across the terminals of the
second coil. This voltage is proportional to the time rate of change of the current flowing through the
firstcoll.

Figure (a) shows a simple model of two coils L1 and Lz, sufficiently close together that the flux produced by
a current i1(t) flowing through L1 establishes an open-circuit voltage v2(t) across the terminals of
L>Mutual inductance,M21, is defined such that

Va(t) =Madis(t)/dt - [1]
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Figure4.17 (a)AcurrentilthroughL1producesanopen-circuitvoltagev2acrossL2.(b)A currenti2
through L2 producesanopen-circuitvoltagevlacrossL1.

The order of the subscripts on M21 indicates that a voltage response is produced at L2 by a current
source atL1. Ifthe system is reversed, as indicated

in fig.(b) then we have

O B e 0L —— 2]

It can be proved that the two mutual inductances Mi2 and M21 are equal and thus, Mi2 = M21 =
M. The existence of mutual coupling between two coils is indicated by a double-headed arrow, as shown in
Fig. (a Jand (b)

Mutual inductance is measured in Henrys and, like resistance, inductance, and capacitance, is a positive
quantity. The voltage M di/dt, however, may appear as either a positive or a negative quantity depending
onwhetherthe currentisincreasing ordecreasing ata particular instant of time.

Coefficient of coupling k : Is given by the relation M = kvL1 L2 and its value lies between 0 and

1. It can assume the maximum value of 1 when the two coils are wound on the same core such that flux
produced by one coil completely links with the other coil. This is possible in well designed cores with
high permeability. Transformers are designed to achieve a coefficient of coupling of 1.

Dot Convention:

The polarity of the voltage induced in a coil depends on the sense of winding of the coil. In the case of
Mutualinductanceitisindicated byuseofamethodcalled“dot convention”. Thedot
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convention makes use of a large dot placed at one end of each of the two coils which are mutually
coupled. Sign of the mutual voltage is determined as follows:

A current entering the dotted terminal of one coil produces an open circuit voltage with a positive voltage

reference at the dotted terminal of the second coil.

Thus in Fig(a) i1 enters the dotted terminal of L1, vz is sensed positively at the dotted terminal of

Lz, and v, =M dii/dt .

It may not be always possible to select voltages or currents throughout a circuit so that the passive sign
convention is everywhere satisfied; the same situation arises with mutual coupling. For example, it may be
more convenient to represent v2 by a positive voltage reference at the undotted terminal, as shown in Fig
(b). Then v2=-Mdi1/dt . Currents also may not always enter the dotted terminal as indicated by Fig (c)

and (d). Thenwe note that:

A current entering the undotted terminal of one coil provides a voltage that is positively sensed at the

undotted terminal of the second colil.

= K\J. e
di
Ly Lo w=mS
(a)
fy
V= M
2 e 31
i
L? L2 Vg = ’M#
L a—
O— -Q

“ : |f‘«/‘
: dis
L3 Elow=-M=
|
O | = O
(D)
h
pale M
S K\J 2
di
L L = —
1 % 2 p=M ot
. B i
© —0
(@)

Figure 4.18 : (a) and (b) Current entering the dotted terminal of one coil produces a voltage that is
sensed positively at the dotted terminal of the second coil. (c) and (d) Current entering the undotted
terminal of one coil produces a voltage that is sensed positively at the undotted terminal of the second

coil.
ImportantConceptsandformulae:

Resonance and Series RLC circuit:

w2 =wiw2 = 1/LC « wr = Vwiw2 = 1/VLCBW = R/21mL
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Q=wrL/R =1/wrRC andintermsofR,LandC = (1/R) (VL/C)

Q =fr/BW i.e. inverselyproportionaltotheBW
Voltage magnification Magnification = Q = V,/V orV¢/V

Important points In Series RLC circuit at resonant frequency:

e Theimpedance of the circuitbecomes purely resistiveand minimum i.e Z=R

e Thecurrentinthe circuit becomes maximum

e Themagnitudesofthe capacitive Reactanceand Inductive Reactance becomeequal

e The voltage across the Capacitor becomes equal to the voltage across the Inductor at resonance andisQ
times higher than the voltage across the resistor

Resonance and Parallel RLC circuit:
wl=wiw2 = 1/LC -~ wr= Vwiwz = INLC sameasinseries RLCcircuit
BW = 1/21tRC

Q =R/wL = wRC and intermsof R,Land C = R(VC/L) [Inverseofwhatwegot in
Series RLCcircuit]

Q =fr/ BW In Parallel RLC also inversely proportional to the BW

Current Magnification = Q= I./I orlc /1
Important points In Parallel RLC circuit at resonant frequency :

e Theimpedance of the circuitbecomes resistiveand maximum i.e Z=R

e Thecurrentinthe circuit becomes minimum

e Themagnitudesofthe capacitive Reactanceand Inductive Reactance becomeequal

e Thecurrentthrough the Capacitorbecomesequalandoppositetothe currentthroughthe Inductoratresonance
andisQtimeshigherthanthe currentthroughtheresistor

Magnetic circuits :

Ampere’s Law: H . dl=1 net and in the case of a simple closed magnetic pathofa
ferromagneticmaterialitsimplifiestoHI=Ni or H=Nil/l
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Magneticfluxdensity:

B =pH

Magneticfieldintensity: H =Ni/l
Totalmagneticfluxintensity: @=BA =pHA= uNi A/l

Malla Reddy College of Engineering and Technology (MRCET)



B.Tech (ECE) R-18

Reluctanceofthemagneticcircuit: R = mmf/Flux = Ni/ @ = l[yA

Faradays law of electromagnetic Induction:

Selfinducede.m.fofacoilofNturnsisgivenby: eind=-Nd@/dt = -L dl/dt whereListhe
inductanceofthe coilof Nturnswithradiusr andgivenby L = (M N2 T1rr?/1)i
EquivalentReluctanceofaseriesMagneticcircuit: Regseies = Ri1+R2+Rs+....
EquivalentReluctanceofaParallelMagneticcircuit: 1/Regparallel = 1/R1+1/R2+ 1/R3 + ..
Coefficientof coupling k Isgiven bythe relation: M =kvL1L2

Illustrative examples:

Example 1: Atoroidal core of radius 6 cmsis having 1000 turns on it. The radius of cross section of the core
1cm.Findthe currentrequired to establish a total magnetic flux of 0.4mWb.When

(@) The core isnonmagnetic
(b) Thecoreismade of iron having arelative permeability of 4000

o
|

Solution:

This problem can be solved by the direct application of the following formulae we know in magnetic
circuits: B = ®/A = pH and H = Ni/l

Where
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B =magneticfluxdensity (Wh/mtr?) ® = Total magnetic flux
(Wh))

A =Crosssectional area ofthe core(mtr?) L = Wro = Permeability
(Henrys/mtr) U =Relative permeability ofthe material (Dimensionless)
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Ho = free space permeability = 41 x 10~ Henrys/mtr
H =Mageneticfieldintensity AT/mtr N = Numberofturnsofthe cail

i =Currentinthecoil (Amps) | = Lengthofthecoll
(mtrs)

from the above relations we can get i as
i=HI/N=(1/pn)(®/A)1/N=(1/pn)(®/N)1/A=(1/n)(®/N)*2nrr /mr2] E [2r<1>/T
HNE?]

Where rr is the radius of the toroid and rc is the radius of cross section of the coil

Now we can calculate the currentsinthe two cases by substituting the respective values. (a) Here p =

Ho. Therefore i = (2x6x102x4x10#)/(41rx10"x1000x10#) = 380 Amps
(b) Here W = prlo. Therefore i = (2x6x102x4 x10)/ (4000 x4t x 107 x 1000 x 10%) = 0.095 Amps

Ex.2: (a) Draw the electrical equivalent circuit of the magnetic circuit shown in the figure below. The area of
the coreis2x2cm?.Thelengthofthe airgapis 1cmandlengths ofthe otherlimbs are shownin the figure.
The relative permeability of the core is 4000.

(b) Find the value ofthe current ‘i’ inthe above example which produces a flux density of 1.2 Teslain the air
gap . The number f turns of the coil are 5000.

Solution: (a)
To draw the equivalent circuit we have to find the Reluctances of the various flux paths independently.
Thereluctanceofthepathabcd isgivenby: R1= length of the path abcd /oA

= (32x102)/(41mx10"x4000x4x104) =1.59 x 10°AT/Wb
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The reluctance of the path afed is equal to the reluctance of the path abcd since it has the same length,
same permeability and same cross sectional area. Thus R1 = R2

Similarly the reluctance of the path ag (Rs) is equal to that of the path hd (R4) and can be calculated
as: Rz=Rs= (6.5x107?)/(4mx107x4000x4x10%) = 0.32 x 10°
AT/Wb

The reluctance of the air gap path gh Rc can be calculated as : Rc = length of the air gap path
gh/uoA

(Hereitistobe noted thatpistobetakenas poonlyand prshouldnotbeincluded) Re = (1x
102)/(4x107"x4x10%) = 198.94 x 10° AT/Wh

The equivalentelectrical circuitis shown in the figure below with the values of the reluctances as given
below the circuit diagram.

(F4p R, @,y
k\" 1 lq)-"
| 2
R1 = R2 = 1.59x10° AT/Wh Rs=R4= 0.32x10° AT/Wb Re = 198.94x10°
AT/Wb
Solution: (b) Thisproblemissolvedinthefollowingsteps:

1. First the flux through the air gap ®c is found out. The flux in the air gap ®ais given by the product
of the Flux density in the air gap B and the cross sectional area of the core in that region A . Hence ®c =B.A =
1.2 x4 x 10*=0.00048 Wb

Itistobenoted herethatthesame fluxwouldbe passingthroughthereluctances R3Rc &
R4
2. Next,the Flux in the path afed ®:is to be found out . Thiscan be found out by noticing that the mmf
across the reluctance R, is same as the mmf across the sum of the reluctances Rs,Re, and R4 coming in parallel with
Ra4.Hence by equating them we get
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®c( R3+Rc+R4) = ®2R2 fromwhichweget O:=Pc(Rs+Rc+Rs)/ Rz

Hence ®2 =  [0.00048x(0.32+ 198.94+ 0.32)x10°]/1.59x10° = 0.06025 Wb

1. Next,thetotal flux @ flowing through thereluctance of the path abcd Ri1 produced by the
winding is to be found out. Thisisthe sumoftheairgap flux ®sandthe fluxintheouter limb of the core @ :
i.e ®=®c + P2 =(0.00048 + 0.06025) = 0.0607 Wb

2. Next, The total mmf F given by F = Ni is to be found out . This is also equal to the sum of the mmfs
acrossthereluctancesR1 andRz [or (Rs + Rc + R4)] = ® R1 + @2 R2 fromwhichwe canget ‘i’ as: ‘i’ = (®
R1+®2R2)/N = [0.0607x1.59x10° + 0.06025x1.59x10°])/5000 = 3.847 Amps

is = 3.847 Amps
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UNIT-IV TRANSMISSION LINES-I

Types of transmission lines

Transmission line Parameters- Primary & Secondary Constants
Transmission Line Equations

Expressions for Characteristics Impedance

Propagation Constant

Phase and Group Velocities

Infinite Line Concepts

Lossless transmission line

Distortion

Condition for Distortionlessness transmission

Minimum Attenuation

YV V.V V V V V V V VYV V VY

Illustrative Problems.
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TRANSMISSION LINE THEORY

,.
1.1. INTRODUCTION

The transfer of energy from one point to another takes place through either wave guides or
transmission lines. Transmission lines always consist of atleast two separate conductors
between which a voltage can exist, but the wave guides involve only one conductor; for
cxample, a hollow rectangular or circular waveguide within which the wave propagates.
Transmission lines are a means of conveying power from one point to another. There are two
types of commonly used transmission lines.

1. Parallel wire (balanced) line
2. Coaxial (unbalanced) line

Parallel wire line : 1t is a common form of transmission line known as open wire line as
shown in Fig. 1.1(a). It is employed where balanced properties are required. Telephone lines,
line connecting between folded dipole antenna and TV receiver are good examples of parallel
or balanced or open wire line. The parallel wire lines are not used for microwave
transmission.

Coaxial line : Coaxial lines consist of inner and outer conductor spacers of dielectric as
shown in Fig. 1.1(). It is used when unbalanced properties are needed, as in the
interconnection of a broadcast transmitter to its grounded antenna. It is employed at UHF and
microwave frequencies.

Quier conducter

' Inner conductor
Quter casing

/ Conductors
............................. / Dielectric

Quter casing

(a} Parallel wire (balanced) line (b) Coaxial (unbalanced) line
Fig. 1.1. Transmission lines

1.2. TRANSMISSION LINE AS CASCADED T SECTIONS

To study the behaviour of transmission line, a transmission can be considered to be made
up of a number of identical symmetrical T sections connected in series as in Fig.1.2. If the
last section is terminated with its characteristic impedance, the input impedance at the first
section is Z. Each section is terminated by the input impedance of the following section.
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Fig. 1.2. A line of cascaded T sections

The characteristic impedance for a T section is

Z]
Zor = \| Zi1Z2| 1+37;

If ‘n* number of T sections are cascaded and if the sending and receiving currents are Iq
and I respectively, then

— ny
where v is the propagation constant for one T section.

y = a+/p

4 Zi 7. 2
¥ 5 &4.‘)."3 = 1 + 1 !
& S ¥ ez sztlﬂazz]

One T section representing an incremental length Ax of the line has a series impedance

: ] i g . .
Zy =7 Ax and shunt impedance Z, = Y Ax The characteristic impedance of any small T

section is that of the line as a whole.

= Zl
ZU == LIZZ 1 ¥ 422

Substituting the values of Z | and Z,,

Z Ax [1+ZAxYAx j
Y Ax ' 4

_ \/%(szgfxyj

If Ax tends to zero, then Z; becomes,

= ’\/g ' 110

It

Zy
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1

Zi Z, Z, Z, Z
{1 T = == } & T
Zy 47, Z, 47,

By the binomial theorem,

= 1+ 2 ) = é lJri(*“——Zl . —Zl \2-{- u
7, 1Z; ) © 7 2\4z,)78 |1 QJ """" J

Substituting this value in e’ equation,

¥ ZI ZI Z‘l
gh = 1+2Z:3+ Z 1+4zz

1l

+
|

+
N

+

|._-_.\

g
|._.N
S e
Nu‘d
T
B
A
[ |
LN

+

When applied to the incremental length of line Ax, then Z, = Z Ax, Z, =

propagation constant becomes v Ax,
1 ]
e’ = 1++/ZY Ax +3 A ZY )2 (Ax)?+3 G ZY ¥ @AaxP-128 \[ZY ) (Ax)S

Series expansion for an exponential e¥** is

12 (Ax)? 3’ (Ax)?
21 T

-

e’d* = 1+yAx +

Equating the above two expressions,

7Y Ax +(\,‘ Y 2)2 (Ax)? ¥ NZY éz (Ax) i

2 2 3 3

2 a3 2 2 3 2
o PAx P _ m+@m+mz&’) (Ax)? |

5 : SR— 7 g epug

If Ax tends to zero then,

vy =\ ZY
This is the value of propagation constant in terms of Zand Y.

Since each conductor of transmission line has a certain length and diameter, it must have
resistance and inductance; moreover the two conductors are separated by a dielectric medium
(say, air), therefore there must be a capacitance between them. This dielectric between the
conducting wires may not be perfect, and hence a leakage current will flow creating leakage
(shunt) capacitance between the conductors. These four parameters resrstancie (R), inductance
(L), capacitance (C) and conductance (G), all distributed along the imes are known as
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distributed parameters. The equivalent circuit diagram of transmission line is shown in

Fig. 1.3.
R
AN
G {

Fig. 1.3. Equivalent circuit diagram of transmission line

L B |-
LIRS AAA T

L
—TT

1.
T

The four line parameters resistance (R), inductance (L), capacitance (C) and conductance
(G) are also known as primary constants of the transmission line,

Resistance (R) is defined as the loop resistance per unit length of the transmission line. It
is measured in ohms/km.

Inductance (L) is defined as the loop inductance per unit length of the transmission line. It
is measured in Henries/km.

Capacitance (C) is defined as the shunt capacitance per unit length between the two
transmission lines. It is measured in Farads/km. ' -

Conductance (G) is defined as the shunt conductance per unit length between the two
transmission lines. [t is measured in mhos/km.

1.3. TRANSMISSION LINE EQUATION I+dl T

Transmission line is a conductive method

of guiding electrical energy from one place to ? Iy
another. A uniform transmission line can be

o]
[ R

considered to be made up of an infinite Vv G
number of T sections, each of infinitesimal
size dx. The equivalent circuit of T section of ¢

o

transmission line is shown in Fig, 1.4,

4

dx

Fig. 1.4. Equivalent circuit of T section of Transmission line

The parameters R, L, G and C are distributed throughout the transmission line. The
constants of an incremental length dx of a line are shown in Fig. 1.4. The series impedance
per unit length and shunt admittance per unit length are given by

Z = R+joL
Y G+joC

112
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Consider a T section of transmission line of length dx. Let V + dV be the voltage and
I + d1 be the current at one end of T section. Let V be the voltage and I be the current at the
other end of this section.

The series impedance of a small section dx 1s (R + jL®) dx. The shunt admittance of this
section dx is (G + jCw) dx.

The voltage drop across the series impedance of T sections i.e., the potential difference
between the two ends of T section is

V+dV-V = I(R+jol)dx
dV = 1(R+jol)dx

dV :

i [(R+joL) e (L)
dv .

e |4

The current difference between the two ends of T section is due to the voltage drop across
the shunt admittance.

[+dl-1 = V(G+joC)dx
dl = V(G+joC)dx
dl _
T = V(G +jolC) s CE2)
dl
T i VY
Differentiating equation (1.1) w.r.t. ‘x’,
d*V _ dl
ae = (R+joL) x

- dl . ;
Substituting the value ofa in the above equation

d?V , o
e = (R+joL)(G+joC)V .. (1.3)
Differentiating equation (1.2) w.r.t. °x’
d’l _ dv
a3 (G+jeC) oo
_ dv . .
Substituting the value of'd_x' in the above equation

d?1 o .
a:{_g = (R+joL)(G+joC)I .. {(1.4)

But propagation constant is given by 113

vy = V(R+joL)(G+joC) =\ ZY
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Substituting the value of ¥ in equation (1.3) and (1.4),

d*Vv
then a2 = el

21

d2 1

The solutions of the above linear differential equations are
V=Aer+B g ... (1.5)
I = Ce+De W™ wesa 1%
where A,'B, C and D are arbitrary constants.

Differentiating the equation (1.5), w.r.t. “x’

% = Aye*—Bye ™
dV
But e IZ

IZ = AyeP~Bye?P

ANZY VE¥> _pAJZy & VZY¥x [y =AY ]

Y ; X
P = A’\/; NZYx _p 7 V2V L (LD
Similarly, differentiating the equation (1.6) w.r.t. ‘x’
dl
& = Cye*—Dye ™
dl
But oy VY

VY = Cye*—Dye ™

C\ZY VY™ _DA\ZY NIV x

Z Z
V = C‘\/; e\fﬁ’"-n\/; e NZY x oee (18]

Since the distance x is measured from the receiving end of the transmission line,

x=10, % L= g
V = Vi
VR = iRZR 114
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where Ty, is the current in the receiving end of line

Vy, is the voltage across the receiving end of the lines

Zy, is the impedance of receiving end

Substituting this condition in equations (1.5), (1.6), (1.7) and (1.8).

NN

Vg A+B
I, = C+D
Y
Ix A 7
Z
To solve these equations,
Z
Let x \/;
A B
Then Iy et
X x
i
-~ (A-B)
But [ B i b
]
C+D < (A—B)
Cxr Dy A-B
A—-B B o 5
Similarly, equation (1.12) becomes,
\IR Cx—Dx
But Vg, A+B
A+B Cx—Dx
A-B Cx+Dx
Adding the equations (1.13) and (1.14),
2A 2k
A Cx
Similarly subtracting the equations (1.13) and (1.14)
2B = —2xDx
B —Dx

EMTL
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.. (1.9)
... (1.10)

. (L11)

s (TN

R ]

.. (1.14)
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Substituting the values of A and B in the following equations.
Vg = A+B
= Cx—Dx
But I, = C+D
Iix = Cy+ D s {11 5)
Vg = Cx—Dx ... (1.16)
Adding the equations (1.15) and (1.16),
2Cx = Igx+ Vi
g VR
C=3+%
Ip Vg Y ! fz
= C = 2+2 7 1...(1.17) ['.‘x='\/Y 1
Subtracting the equations (1.15) and (1.16),
2Dx = Igx—Vy
Ip Vg
D=3 & ;
IR VR Y
~ D o= 5 — 5 7 .. (1.18)
But A = Cx
Ix Vi
A= X7
Vi I Z
A= 5 +_2 Y s L F19D)
B = —Dx
I Vi
B=-3x+73
s k [z
4 =g g Y s (1:200
The characteristic impedance is defined as
7
N
: R+jol 116 (121)
G+jnC A
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Substituting the value of Z in equations (1.19), (1.20), (1.17) and (1.18),

Vi L Z
AT TN Y
Ve VR
A= ?JFE—Z_RZU
Vi ( Z, 7 |
A= Ll e ZRJ | w19
Vg I Z
8=53 =3 \ﬁ
VeV
T T
' VR{ Z’o]
IB=—|1-= .. (1.23)
r 2 ZRJ
Ig Vi Y
E=%1% ‘\/;
IR IRZR
) + 27, [ Ve=IgZg]
I Z. 1 |
C = ER {1+~—R} | . (1.24)
o) |
Ik Vp 1Y
D=5 -2 \/Z
R LRig
T
J Ig [ ZRJ
‘D = I o e (1.25
| B L 7 e

Substituting the values of A, B, C and D in equations (1.5) and (1.6), the solutions of the
differential equations are

Vg Z, NZY Ve [ Zy) —~\J7ZY x
V= [] +ZR) e + 5 L]—ZRJ e ... (1.26)
IR g ) Jzv=. I ( Zr| TV
I = ) {lazo)e +2 \1—'2—0 e . (1.27)
Vo 2 s o 2 == |
v TRF Lhzﬂ]e\f’-‘fu“—;‘}]e‘ £Yx | .. (1.28)
1 R R 1 117 '
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Z ; Z :
g ]—RMHA’E]B\EM[FZ—R]Q‘\’H?‘} .. (1.29)

2 Z, } -

After simplification,

V_VR\!‘?,L__H emx Zo NZYsx

2 > 7, zzR

P o R oyzvs R ZR ﬁ NGE IRER N
2 2

(8]

\f_Yx_re 7Y% ) (e\!'ﬁx_e—\fﬁx
vo 2 Jﬂﬁzok 2

"JEE?I +L-—\ﬁ5gx AV - \fR
. IR[e z - (VT {._.IR:_}

Then equations can be written in terms of hyperbolic functions.

|V = Vgcosh\ZY x+I3 Z, sinh\ZY x .. (1.30)
;

| 1= Iycoshy/ZY x + Z—R sinh\JZY x .. (13D)
| _

: {
These are the equations for voltage and current of a transmission line at any distance "x’
from the receiving end of transmission line.

The equations for voltage and current at the sending send of a transmission line of length
‘" are given by

Vg = VycoshyZY ] + Z_R Z,sinh\/ZY [ { IR:EJ
Iy = Iycosh\ZY ] + sinh\ZY ! [+ Ve=1g Z;]
O
i Zo ]
Vg = Vgy| cos\ ZY f+z— sinhy ZY / | sk b3 )
L R J
2 . 7
Ig = Ig | cosy ZY [ + 7~ sinh[ ZY [ | sl 130
L 0 J

1.4. WAVELENGTH AND VELOCITY OF PROPAGATION
The propagation constant (y) and characteristic impedance (Z,) are called secondary

constants of a transmission line.

Propagation constant is usually a complex quantity. 118

= gelgf

4,
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where o 1s the attenuation constant.

B is the phase shift.

¥ = N ZY
where Z = R+joL
¥ = Gtial

The characteristic impedance of the transmission line is also a complex quantity.

,‘Z
ZO e =F

7 = R+;mL
0 - G +jeC

Propagation constant is

o+ i
Sguaring on both sides,
(o +7B)
~-B2+2jaB
Equating rea! par.-,
2_R2
a2
Equating imaginary parts,
2o

Squaring on both sides,

4 02 B2 -

o2 B2

= atif

V (R +joL) (G +jeC)

A/ RG - ®2LC +j@(LG + RC)

RG - ©2LC +jo(LG +RC)
RG - w2LC + o (LG + RC)

RG - wlC
B2+ RG - w2LC

® (LG +RC)

®2 (LG + RC)2

*}2
‘-4- (LG + RC)2

Substituting the value of o2 [eqn. (1.37)] in the above equation,

2

(B2 +RG-02LC) P2 = - (LG+RCY

B4+ B2 (RG - 0?LC) — - (LG +RO)2

0

The solution of the quadratic equation is

—(RG —02LC) +1/ (RG~0?LCY + 02 (LG + RCE"

BZ:

EMTL
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By neglecting the negative values,

®2LC —RG +/ (RG — @2LCR + @2 (LG + RC)?2
B = 5 ... (1.38)

a? = B2+RG-0?LC e LIS T
Substituting the value of 3 [eqn. (1.38)] in the above equation,
®2LC —RG +v/ (RG - ©2LC) + @2 (LG + RC)

ol = > +RG - w?LC
_ RG-02LC+\ (RG-02LCY + 2 (LG + RC)?
- 2
RG - 02LC+1 (RG—0?LCP +w? (LG +RCP
..az\/ VRO-wiICP+a G+ROE
For a perfect transmission line R=0and G =0,
B2 = w?llC
B=ovLC [only positive value]
Velocity ;
The velocity of propagation is given by, .
v = Af 4
A
= 2 f .
_Q . _
vy = B {.‘B—?Landm—Zﬂf]
Substituting the value of B=w +/ LC
©
. LI
oy LC

1
YT JIC

This is the velocity of propagation for an ideal line.

Wavelength :

The distance travelled by the wave along the line while the phase angle is changing
through 27 radians is called wavelength.

B?u = 2?’[
27 V 120
B f
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1.5. INPUT IMPEDANCE AND TRANSFER IMPEDANCE OF TRANSMISSION LINE
Input impedance :

The equations for voltage and current at the sending end of a transmission line of length
*I” are given by

7
Vg = VR(cosh\/ ZY I + 5> sinh\[ZY / ) .. (1.32)
R
ZR
2z e 5 % [cosh\/ ZY 1+ sinh\[ZY 1 ] . (1.33)
0

The input impedance of the transmission line is,

z. = ¥
5 [S

z
Wi [cosh VZY I + > sinh\[ZY z}
R
7
I (cosh NZY 145 sinh\[ZY IJ
0

z
7 I Zg (cosh\/ ZY | + 5= sish\[ZY 1]
R

7z
IR(cosh x} ZY ;’+*Z‘E sinhy/ ZY 1]
0

5 Zo(Zgeosh\ ZY [+ Z,sinh\/ ZY 1) 40
3 (Zgcoshy| ZY [+ Zg sinhn[ ZY 1) = (BAD)

Let | ZY = ¥

The input impedance of the line is
| Zp coshyl+Z,sinhyl
| Zycoshyl+Zp sinhy]

Zs = Z,

-

[ Zg+Zytanhy!
. Zy+ Zg tanhyl

or ZS = ZG

In a different form, the equations for voltage and current at transmitting end of a line is
given by equations (1.28) and (1.29),

Vv Z s Z N2
VS:“}UHE—U)‘?Z”*(“.Z_EJE_ Z'”J o {128)

A \ R \

[ Zg VIV ( Zg ) _ i
IS:E[LI-PZ—Gje +{\1—ng9 = :lel ... (1.29)
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\% Lol Zo—Z4\ _
&F Vg = TR[[_&.Z;—O) NZY1 +(J§ZR_j€ Nzyi! J

I = I_R( Zp*Z NI ZO_ZR\E—\}ZX’J ﬂ{
s T 2|\ Z, A |

V ™ Z+Z Lo wll] 1
ar Vi ® [“Z—RJ['}{TN v {MJE“ =] -8
I (Zp+2Z, Zy o
B & _213( - ]{ NZVI (ZR+Z ] £ } e b2

The input impedance of the transmission line is given by,

2 =l
Z‘r!+[____ e ZY i

Vs e [~ Vg =lg Zg] (1.43)
= = =7 Ve = / ol Tk
: Is ? NIV _ (Zr—Zg sNZY ! rORTER
Zx+Z,
Let st 2Y
The input impedance of the transmission line is,
Evf + M e—}fr’ f
Zy+Zy
Zs = Zy » Zn 2 . ... (1.44)
T VA

If the line is terminated with its characteristic impedance ie., Zy = Z then the input

impedance becomes equal to its characteristic impedance.
Zs = Z,
The input impedance of an infinite line is determined by letting / — <o.
2, =z,

It is found that a line of finite length, terminated with its characteristic impedance, appears
to the transmitting end generator as an infinite line. A finite line terminated with Z, and an

infinite line are same by measurements at the source.

ZR_ZO

If K = 57—, then
vl —vi 1
. e!" +Ke
Zo = Z .. (145
s 0{ T (1.45)

122
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Transfer impedance :

Transfer impedance is used to determine the current at the receiving end if voltage at
transmitting end is known. Transfer impedance of a transmission line is defined as the ratio of
voltage at the sending end (transmitted voltage) to the current at the receiving end (received
current).

L = 5
T I

Equation (1.41) becomes

Vi (Zg + Zy) ("

V=" +Ke 1)
R
IR(Zr*Zg) e |
Vs = =5 (" +Ke") [ Vg =Ig Zg]
Vg  Zg+Z
R
_ ZrtZo( i ZrmZo )
2\ ZptZy J

Lw+ 2 Lo—Z
= [-yje?f 4+ [mi.;“:z—{})e—'}ff

o

vl -yl vyl o~y
e’ +e e’ —e
- ZR[ 2 ]”0( 2 j

= Zgcoshyl + Z,simhy!

Mol 4et! et —ev!
L R R =coshy/ and B = sinh y/

Zy = Zgcoshyl+Z,sinhy!

1.6. LINE DISTORTION

Signal (e.g., voice) transmitted over a transmission line is normally complex and consists
of many frequency components. Such voice voltage will not have all frequencies transmitted
with equal attenuation and equal time delay, the received waveform will not be identical with
the input waveform at the sending end. This variation is known as distortion. There are two
types of line distortions. They are frequency distortion and delay distortion,

Frequency Distortion : A complex (voice) voltage transmitted on a transmission line will
not be attenuated equally and the received waveform will not be identical with the input

waveform at the transmitting end. This variation is known as frequency distortion.
123
The attenuation constant is given by
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L \/ RG — @2LC +/(RG — 02LCR + 02 (LG +CR)?
= 2

. is a function of frequency and therefore the line will introduce frequency distortion.

Delay or Phase Distortion : For an applied voice-voltage wave the received waveform
may not be identical with the input waveform at the sending end, since some frequency
components will be delayed more than those of other frequencies. This phenomenon is
known as delay or phase distortion.

The phase constant is
5 = V RG — @?’LC + \J(RG - 0?LC)? + ®? (LG +CR)?
- 2

B is not a constant multiplied by ® and therefore the line will introduce delay distortion.

Frequency distortion is reduced in the transmission of high quality over wire lines by the
use of equalizers at the line terminals.

Delay distortion is of relatively less importance to voice and music transmission. But it
can be very serious for video transmission. This can be avoided by the use of co-axial cables.

1.7. THE DISTORTIONLESS LINE

If a line 1s to have neither frequency nor delay distortion, then attenuation factor o and the
velocity of propagation v cannot be functions of frequency.

i ov=

[ must be a direct function of frequency.

5 \/ @?LC — RG +\J(RG — @?LC)® + 0? (LG + CR)?

2
For 3 to be a direct function of frequency, the term
(RG — »*LC)? + @? (LG + CR)* must be equal to (RG + w?LC)?
R2GZ + 0*1.2C2 - 2002 LCRG + ©2L2G + 02C2R2 + 2002LCRG
= R2G2 + 0L2C2 + 202LCRG
w2L2G? + 0?C?R? = 2 ®2LCRG

@21 2G2 + »2C2R2 - 202LCRG = 0
(LG-CR)2 = 0
LG = CR
R _G
L C 124

This is the condition for distortionless line.
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Propagation constant y = '\f (R+jol) (G +/jnl)

= \/L[—Pf+jm)c(g+jm)

= LC \/[%ﬂmjf%w}]

kY

R G
But L. = F
— R
2LC - RG + RG + w?
Then f = _\/m LC RGZRG WLC
_ 20°LC
B 2
B = @wyLC
Velocity of propagation is y = %

L

RNVl

This is the same velocity for all frequencies, thus eliminating delay distortion,

Attenuation factor

L _\/ RG — @2LC +1/(RG — 0?LC)? + @? (LG + CR)?

2

To make « is independent of frequency, the term (RG — @2LC)* + w? (LG + CR)? is
forced to be equal to (RG + 0?LC)2.

(LG-CR® = 0
LG = CR
L _R
¢ "G

This will make o and the velocity independent of frequency simultaneously. To achieve
this condition, it requires a very large value of L, since G is small.

s 2 2 2
The attenuation factor o = \/ RG - @°LC +\2/(RG + ©2L.C)
_ \/ RG — @2LC + RG + 02LC
2 125
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a = \JRG
It is independent of frequency, thus eliminating frequency distortion on the line.
The characteristic impedance Z, is given by
7 = R+joL
o = \} G+jaC

| (R
Ll\f+ﬂﬂ

- /T—
| — '-1"
/\/ C.‘\C*U(u}_r

-

R
But L =¢C for distortionless line.

o LN

i

5 L
Z, ’\ C

t is purely real and is independent of frequency.

1.8. TELEPHONE CABLE &

In the telephone cable the wires are insulated with paper and twisted in pairs. This
construction results in negligible values of inductance and conductance. Therefore Lo << R
and G << Ca.

Z = R+joL » R
= G+joC = joC
Propagation constant ¥ = \JZY

But v = a+jp

Equating real and imaginary parts o = ’\/ -

B = A oRC
| 2 126
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Velocity of propagation v = , = i s RO
B ,‘ ORC
‘ Z
The characteristic impedance Z = & = — L —45°
P o =\ Y \f ;ca( '\ mc

It is found that the propagation constant o and velocity of propagation v are functions of
frequency. Thus, the higher frequencies are attenuated more and travel faster than the lower
frequencies resulting in considerable frequency and delay distortion.

1.9. LOADING OF LINES

It is necessary to increase L/C ratio to achieve distortionless condition in a transmission
line. This can be done by increasing the inductance of a transmission line. Increasing
inductance by inserting inductances in series with line is termed as leading and such lines are
called loaded lines. The lumped inductors, known as loading coils are placed at suitable
intervals along the transmission line to increase the effective distributed inductance.

The effect of loading can be realised by comparing the unloading of a transmission line in
the attenuation Vs frequency graph. Fig.1.5 shows that the loaded line offers a low
attenuation when compared to the unloaded line only for limited range of frequencies.

The important aspect of loading coil design is that saturation and siray fields should be
avoided. It should have a low resistance and should be in small size. In general toroidal cores
are used for loading coils.

Types of Loading

The open wire lines have more inductance of their own and so have much less distortion
than cable. Therefore, the loading practice is not applicable to open wires but 1t 1s restricted to
cables only. There are three types of loading in practicz. They are

(@) Lumped loading
(b) Continuous loading
(¢} Patch loading

(a) Lumped loading : The inductance of a transmission line can be increased by the
introduction of loading coil at uniform intervals. This is called lumped loading. It acis as a
low pass filter. So, it is applicable only for a limited range of frequency. The loading coils
have an internal resistance R thus, increasing the total effective inductance increases R.
Further hysteresis and eddy current losses which occur in the loading coils resulting in further
apparent increase in R. Therefore, there is a practical limitation on the value of inductance
that can be increased for the reduction of attenuation. Thus the loading coil should be

carefully designed so that it will not introduce any distortion. 127
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Unloaded

| / f

— Lumped loaded

' /J___ Continuously loaded |
i i
g .

>

(o)

Attenuation

Frequency (/)

Fig. 1.5, Comparison of loaded and unloaded cable characteristics

(b) Continuous loading : A type of iron or some other magnetic material is wound on the
transmission line (cable) to increase the permeability of the surrounding medium and thereby
increase the inductance. It is a quite expensive method. Further eddy current and hysteresis
losses in the magnetic material increases the primary constant R. Therefore, continuous
loading is used only on ocean cables where lumped loading is difficult. The advantage of
continuous loading over lumped loading is that attenuation factor ¢ increases uniformly with
increase in frequency.

(¢) Pateh loading : 1t employs sections of continuously loaded cable separated by sections
of unloaded cable. The typical length for the section is normally a quarter kilometer. In this
method the advantage of continuous loading is obtained and the cost is reduced considerably.

1.9.1. Inductance Loading of Telephone Cables

Distortionless line with distributed parameters is used to avoid the frequency and delay

distortion experienced on telephone cables. It is necessary to increase the L/C to achieve
R

distortioniess condition ~ = G- Heaviside suggested that the inductance be increased and
Pupin suggested that this increase in the inductance by lumped inductors spaced at intervals
along the line. This use of inductance is called loading the line. The distributed loading is
obtained by winding the cable with a high permeability steel tape such as permalloy in some
submarine cables.

Consider an uniformly loaded cable with G = 0. Then,

Z = R+joL
¥ = §e [+~ G=0]
|
s, | (Lo )
Z = \|R2+(Lo)? | tan—lt\ ]; j 128
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\VRZ+ (Lo ) !

r2 A

DEPT.OF ECE

csofgpr e

Lo

Propagation constant y X

R T }
— tan b )

e
T2

oC

\/ VR2+ (Lo)?

RZ2+ (Lw)?

T tan e —
Lo

It

(0C) (Lw)

I

If 0

cos O

For small angle,

tan0~6
R
2Lo

.z
sinf 5 —
=

P

sin 8

so that cos 6

Similarly, sin 6

Propagation constant v

R

2Lo

=

-

EMTL
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o\ LC (cos® +7 sin 0)
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R &

2 L

o
e

i

.. Attenuation constant o

Il
e mIw

2
arﬂﬁ 0

Phase-shift

1

Velocity of propagation v

™ |e

L
- ALC
Tt is noted that if G = 0 and Lo >> R, the attenuation and velocity are both independent of
frequency and the loaded cable will be distortionless. Attenuation may be reduced by

increasing L. Continuous (uniform) loading is expensive and achieves only a small increase
in L per unit length. Lumped loading is preferred for cables.

Campbell’s Equation

An analysis for the performance of a line loaded at uniform intervals can be obtained by
considering a symmetrical section of line from the centre of one loading coil to the centre of
the next coil. The section of line may be replaced with an equivalent T section having
symmetrical series arms as shown in Fig.1.6. The series arm of T section including loading

&

coil is given by

r
Z
2

to | N
ro ] BN

[From the fig.]

Z . .
where - is the series arm of T section.

/ Loading colls \

e TG A~ AN mwens |
5 Z, > Z, Z. i
2 2

------ -

Fig. 1.6. Equivalent T section for part of a line between two lumped loading coils

28 5 iy B

5 Z,tanh 5

Z/ Z "

- = +Z, 'Lanh{; 130

ERA\»'TEEere 1 is the distance between two loading coils.
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The shunt Z, arm of the equivalent T section is

ZO
Z, = =
sinh y/
For loaded T section
! <!
shiph = § oo
cOSRY 27,
} Z vl
il /4
) 5 T Z,tanh
= 14+ Z
sinh y/
oyl _ coshyl-1
But tanl12 =" Gty
Substituting this value in above eguation
Z & cosh y/—1
. RS 1 o 2 ¢ ginhyl
socoshyl = 1 + Z
sinh v/
Zﬁ' .
5 sinhyl + Z, (coshvi—1)
= l =+ ZG
Z-’:‘ =
= i sinhy/ + coshyl — |
ZC -
coshy'l = 77 sinh y/ + cosh v/
- 4]

This equation 1s called as Campbell’s equation and it is used to determine th: value of ¥’
of a line section consisting of partially lumped and partially distributed elements. For a cable

Z, is capacitance and the cable capacitance and lumped inductances appear similar to the
circuit of the low pass filter. It is found that for frequencies below cutoff, the attenuation is
reduced, but the cut-off attenuation is increased (as a result of filter action). In practice, pure
distortionless line is not obtained by loading, because R and L are to some extent functions of
frequency. Eddy current losses are more in these coils. However, there is a major
improvement in the loaded cable over the unloaded cable for a reasonable frequency range.

1.10. OPEN CIRCUITED AND SHORT CIRCUITED LINES

The expressions for voltage and current at the sending end of a transmissiah line of length
‘I’ are given by

EMTL
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Vg = VR|:cosh\/_YI+"“smhﬁiJ
Iy = (cosh\fmﬁr smh\j_‘{ J

The input impedance of a transmission line i1s given by
Vs
g

. 5 -
Vi coshx}'ZY z+,—_3 sinh \/ZY !
I cosh\,' YI-— smhwI ok

Vi Z, (Zg coshyl +Z, sinh yi)
IR Zp (Z, coshyl+ Zy sinh yl)

Ly =

 (Zgcoshyl+Z, sinhyl) [ Vr
L Z, cosh vl + Zy sinh ﬁ,ffj ' R

( Zy coshyl+ Z, sinh *ﬂ\l
Zs = %o | Z_ coshyl+ Zy sinhyl )

If short circuited, the receiving end impedance is zero.
.!..e., ZR = (

(Z,sinhylY
b = L kZG cosh y/
Short circuited impedance
L., = Z,tanhyl

If open circuited, the receiving end impedance is infinite.

ie., ZR = w

Input impedance of transmission line can be written as

2 [
coshyl/ + 7 sinh v/

Zs = Z

Q
O -
= cosh y/ + sinh y/

™
il ™~

132
Applyving Z, =«
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1
Then Z . = Z [%}

The open circuited impedance
Z,. = Z, cothyl
By multiplying open circuited impedance and short circuited impedances
Zoe Lo = Z2tanhyl cothyl
= Z2

The characteristic impedance is given by

ZD - \|| ZDC‘ Z.‘EC

By dividing short circuited impedance by open circuited impedance.

7 Z, tanh vyl

3¢ vy

Z,.  Z,cothyl

= tanh v/
i ‘.{. Z.SC’
tanh vyl = ’\j; 7
L
vl = tanh™!

o

1.11. REFLECTION

When the load impedance is not equal to the characteristic impedance of transmission line,
reflection takes place.

The expressions for voltage and current on the transmission line are

F ! Y 3
I SIS0 N> R G 20 N - i
—2L;I=?\e .\1—7|e J
\ “R . 4R/
I = I—erl-'r%-?:] NZYx o | I_EE\! e—‘Jz’_‘f’I—]
2“ Z, \Z) |
v “\fﬁl Ipt2Z, T x 5 Ly _@x—l
or 5 L_—_ZR e _—_-—ZR e ,
J
[ = I_R FZR*ZB \JZY Ly = Z, _m1:|133
2 | % ]
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or

Vi (Zp+Zy) 7O
- B [ (GR)e ]
R R ]

IR (ZR+ZO) . ZR_ZO ’
1= 57— | e | z.7z, )"
‘R R [
[ - y=AZY]

If the transmission line is not terminated with the characteristic impedance Le., Zp £ 2,
(mismatch) the above expressions for voltage and current exist. It consists of two waves, one
is moving in the forward (positive x) direction which is called incident wave and the other is
moving in the opposite (negative x) direction which is called reflected ray. The term varying
with e represents a wave progressing from the sending end towards the receiving end and
the amplitude decreasing with increased distance. The term varying with e~ ¥ represents a
wave progressing from the receiving end towards the sending end, decreasing in amplitude
with increased distance.

If the transmission line is terminated with characteristic impedance i.e., Zy = Z, (properly
matched) then the voltage and current expressions are

V = Vpen
I = IR et

The incident wave moves only in forward (positive x) direction. There is no reflected
wave in the opposite direction.

1.11.1. Reflection Coefficient

Reflection coefficient is defined as the ratio of the reflected voltage to the incident voltage
at the receiving end of the line.

Reflected voltage atload Y_E
Incident voltage atload ~ Vg

The equation for the voltage of a transmission line is

VR (‘ZR o+ ZD) [ : Z‘R £ Z’o ?
Vo= e | o | e e
2 7a Zg +

Ve Zg+Z)  VpZp—Zo)
Vv = "B g
27

2 75 g

The first term (&) represents incident wave, whereas the second term (e~ ¥¥) represents the
reflected wave. The ratio of amplitude of the reflected wave voltage to the amplitude of the
incident wave voltage is nothing but reflection coefficient.

134
EMTL



Malla reddy college of engineering and technology DEPT.OF ECE

27Z; Zy-Z
Vo (Zr+Z)  Zp+Z

[}

|
=7

=]

It is also defined as in terms of the ratio of the reflected current to the incident current. But
it is negative.

Reflected current at load Ip

Incident current at load I

If the transmission line is terminated by its characteristic impedance (Z; = Z5), the

reflection coefficient becomes zero.

1.11.2. Reflection Factor and Reflection Loss
Consider a transmission line with a voltage source Vg and its impedance Z; and load
impedance Z, as shown in Fig.1.7. If Z, is not equal to Z;, reflection takes place. The power

delivered to the load is less than that with impedance matching. Reflection results in power
loss. This loss is known as reflection loss.

Z-[ N e e

|
|
("‘) Vg Zy

L5

Fig. 1.7. Transmission line with voltage source Vg and impedance Zy

Image matching between the impedances Z; and Z, can be obtained by inserting an ideal
transformer and a phase shifting network between Z; and Z,. If I; and 1, be the currents in the
primary and secondary of the transformer respectively, the current ratio of the transformer is
given by

Z, may be adjusted to that of Z, by choosing the proper transformation ratio and phase
angle. Z, is the image impedance of Z,. The current through the source is 135
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Vs
Il=2'—Zl

The current flow in the secondary of the transformer under image impedance matching is

i vepali oV LB Vs
2 ! 22 ZZ1 Zé 2\leza

- T'he current in the load impedance Z, without image matching.
Ly - 1Yl
2 | Z,+Z, |
The ratio of the current actually flowing in the load to that which might flow under
matched condition is known as reflection factor.

| | Vs |
1, s |
A

12+ 212, |
N

il

The reflection factor indicates the change in current in the load due to reflection at the
mismatched junction.

The reflection loss is the reciprocal of the reflection factor in nepers or dB.

Reflection loss = In %

L 3B 2 136

Z+2,
= In | T——=——= nepers
= 201 4% % |
Ll PNy
1.12. T AND  SECTIONS EQUIVALENT TO LINES
A T section is shown in Fig.1.8 with two ports 1, 1 and 2, 2.
i -
i Z1 Zs
|1 oW MM 02 |
| |
|
i
|

Fig. 1.8. T section network
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Impedance measurements may be made at any port with the other port opened or shorted.

Let

Zioc
Zisc
Zroc
Zyse

Zioe

ZISC

Zroc

sth

a1 %

ZIOC“ZISC

be the impedance at port | when port 2 is open circuited.
be the impedance at port 1 when port 2 is short circuited.
be the impedance at port 2 when port 1 is open circuited.
be the impedance at port 2 when port 1 is short circuited.
= Bt

Zy 23
= Litzrz,
Zy Z;
= ¥ Z,+Z,
By solving these equations, the values of Z,, Z, and Z, are determined.
Z,Z
= B Rl
° Zy+Z,

Ll b Ty s
7+7,

2
ZS

2
23
" Zoog [ Zy T Z3=2Z55]

Zaoc (Z1oc~Zy5¢)

3 = 2 Zyoc Zioc~Z150)

Taking the positive value,

EMTL

Z3
Z,

= A Tl Loy i)

= Zioc~ \ Zaoc Z10c~Z150)
= Zyoc~Z3 [ Zyoc =Zy +Z4]

= Zyoc~ \ Zaoc ioc—Z150)
= Zioe=% Zooe Croe—Zis0)
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This means, more the current flows towards the surface of the conductor, it flows less towards the center,
which is known as the Skin Effect.

Inductance
Inan AC transmission line, the current flows sinusoidally. This current induces a magnetic field

perpendicular to the electric field, which also varies sinusoidally. This is well known as Faraday's law. The
fields are depicted in the following figure.

Electromagnetic Wave

-~

2 Magnetic field
[ Electric field

This varying magnetic field induces some EMF into the conductor. Now this induced voltage or EMF flows
in the opposite direction to the current flowing initially. This EMF flowing in the opposite direction is
equivalently shown by a parameter known as Induetanece, which is the property to oppose the shiftin
the current.

Itis denoted by "L". The unit of measurement is "Henry H".
Conductance

There will be a leakage current between the transmission line and the ground, and also between the phase
conductors. This small amount of leakage current generally flows through the surface of the insulator.
Inverse of this leakage current is termed as Conductance. It is denoted by "G".

The flow of line current is associated with inductance and the voltage difference between the two points is
associated with capacitance. Inductance is associated with the magnetic field, while capacitance is
associated with the electric field.

Capacitance
The voltage difference between the Phase conductors gives rise to an electric field between the

conductors. The two conductors are just like parallel plates and the air in between them becomes
dielectric. This pattern gives rise to the capacitance effect between the conductors.
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Characteristic Impedance

If a uniform lossless transmission line is considered, for a wave travelling in one direction, the ratio of the
amplitudes of voltage and current along that line, which has no reflections, is called as Characteristic

impedance.
Itis denoted by Zg

[ voltage wave value

Zy =
current wave value

| R+ jwL
Ho= | ——
G+ jwC

For a lossless line, Ry = ,V.f %

Where [, & ' are the inductance and capacitance per unit lengths.

Impedance Matching

To achieve maximum power transfer to the load, impedance matching has to be done. To achieve this
impedance matching, the following conditions are to be met.

The resistance of the load should be equal to that of the source.
Ri = Rs
The reactance of the load should be equal to that of the source but opposite in sign.
Xi=—Xg
Which means, if the source is inductive, the load should be capacitive and vice versa.

Reflection Co-efficient

The parameter that expresses the amount of reflected energy due to impedance mismatchina
transmission line is called as Reflection coefficient. It is indicated by prho.

It can be defined as "the ratio of reflected voltage to the incident voltage at the load terminals"”.

_ reflected voltage Vi

= Tincident voltage. Vi at load terminals

Ifthe impedance between the device and the transmission line don't matech with each other, then the
energy gets reflected. The higher the energy gets reflected, the greater will be the value of preflection
coefficient.

Voltage Standing Wave Ratio VSWR
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The standing wave is formed when the incident wave gets reflected. The standing wave which is formed,
contains some voltage. The magnitude of standing waves can be measured in terms of standing wave
ratios.

The ratio of maximum voltage to the minimum voltage in a standing wave can be defined as Voltage
Standing Wave Ratio VSWR. It is denoted by "§".

S:M 1<8<oo
|th'a:-|

VSWR describes the voltage standing wave pattern that is present in the transmission line due to phase
addition and subtraction of the incident and reflected waves.

Hence, it can also be written as

The larger the impedance mismatch, the higher will be the amplitude of the standing wave. Therefore, if
the impedance is matched perfectly,

an;l; : Hrrvi:a, =1:1
Hence, the value for VSWR is unity, which means the transmission is perfect.
Efficiency of Transmission Lines

The efficiency of transmission lines is defined as the ratio of the output power to the input power.

Power delivered al receplion % 100
Power sent from the transmission end

Yo e f ficiency of transmission line n =

Voltage Regulation

Voltage regulation is defined as the change in the magnitude of the voltage between the sending and
receiving ends of the transmission line.

sending end voltage— receiving end volfage
4 . g 2 % 100

i y —
% voltage regulation = wending end voltage

Losses due to Impedance Mismatch

The transmission line, if not terminated with a matched load, occurs inlosses. These losses are many
types such as attenuation loss, reflection loss, transmission loss, return loss, insertion loss, etc.

Attenuation Loss

The loss that occurs due to the absorption of the signal in the transmission line is termed as Attenuation
loss, which is represented as
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Attenuation loss(dB) = 10 logg {M]

Ef
Where

« [, =the input energy

* FE. =thereflected energy from the load to the input

e [, =the transmitted energy to the load

Reflection Loss

The loss that occurs due to the reflection of the signal due to impedance mismatch of the transmission line
is termed as Reflection loss, which is represented as

E.
Re flection loss(dB) = 10 logyy | ———
e flection loss(dB) “910[5?;—&]

Where
» F; =the input energy
*» E. =thereflected energy fromthe load

Transmission Loss

The loss that occurs while transmission through the transmission line is termed as T ransmission loss,
which is represented as

Transmission loss(dB) = 10 logip E!"
¢

Where
* E; =the input energy

e [, =the transmitted energy
Return Loss

The measure of the power reflected by the transmission line is termed as Return loss, which is represented
as

Return loss(dB) = 10 logp %

Where
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e [; =the input energy

s E. =the reflected energy
Insertion Loss

The loss that occurs due to the energy transfer using a transmission line compared to energy transfer
without a transmission line is termed as Insertion loss, which is represented as

Insertion loss(dB) = 10 logy %

F4

Where

s [, =theenergy received by the load when directly connected to the source, without a transmission
line.

s E, =theenergy received by the load when the transmission line is connected between the load and
the source.

Stub Matching

If the load impedance mismatches the source impedance, a method called "Stub Matching” is sometimes
used to achieve matching,

The process of connecting the sections of open or short circuit lines called stubs in the shunt with the
main line at some point or points, can be termed as Stub Matching.

At higher microwave frequencies, basically two stub matching techniques are employed.
Single Stub Matching

In Single stub matching, a stub of certain fixed length is placed at some distance from the load. It is used
only for a fixed frequency, because for any change in frequency, the location of the stub has to be
changed, which is not done. This method is not suitable for coaxial lines.

Double Stub Matching

In double stud matching, two stubs of variable length are fixed at certain positions. As the load changes,
only the lengths of the stubs are adjusted to achieve matching. This is widely used in laboratory practice
as a single frequency matching device.

The following figures show how the stub matchings look.
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Transmission Lines — Smith Chart &
Impedance Matching (Intensive

Reading)

1 The Smith Chart
Transmission line calculations - such as the determination of input impedance using equation

(4.30) and the reflection coefficient or load impedance from equation (4.32) - often involves
tedious manipulation of complex numbers. This tedium can be alleviated using a graphical
method of solution. The best known and most widely used graphical chart is the Smith chart.
The Smith chart is a circular plot with a lot of interlaced circles on it. When used correctly,
impedance matching can be performed without any computation. The only effort required is
the reading and following of values along the circles.

The Smith chart is a polar plot of the complex reflection coefficient, or equivalently, a
graphical plot of normalized resistance and reactance functions in the reflection-coefficient
plane. To understand how the Smith chart for a lossless transmission line is constructed,
examine the voltage reflection coefficient of the load impedance defined by

= Vrefl —

L

V.

Inc

Z, -2 .
L —r4r , (1)

ZL + ZO re im

where I',.and T, are the real and imaginary parts of the complex reflection coefficient T, .
The characteristic impedance Zo is often a constant and a real industry normalized value, such
as 50 A, 75 A, 100 A, and 600 A. We can then define the normalised load impedance by

2,=2,/Zy=(R+ jX)/Zy=r+jx. (2)

With this simplification, we can rewrite the reflection coefficient formulain (1) as

(2, -2,)/2, _2,-1

r =T +,r = L (3)

Lo m(Z, +2,)/Z, z,+1

The inverse relation of (3) is

1+T .
== "t= 140 P (4)
' 1_rL - |ﬁ in
or
1+I..)+jT
r+ jX=( re) J im . (5)
(1_rre)_jrim

Multiplying both the numerator and the denominator of (5) by the complex conjugate of the
denominator and separating the real and imaginary parts, we obtain
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1- l—‘rez_ l—‘imz
r= (6)
and (]-_Fre)z'krim2
2
2r ) (7)
X=
(1 - l—‘re )2 + l—‘imz
Equation (6) can be rearranged
as ri? 0102
:Fre - O +Fim2:D 0. (8)
O 1+r(] 01+r(]
147
1

DEPT.OF ECE



MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT.OF ECE

EMTL

This equation is a relationship in the form of a parametric equation (x —a) 2+ (y—b)2=R?

i r
in the complex plane (T', T ) of a circle centred at the coordinates . - and having a

radiusof 1 . Different values of ryield circles of different radii with centres at different

r+1

positions on the I',, -axis. The following properties of the r-circles are noted:

e The centres of all r-circles lie on the I .-axis.

e The circle where there is no resistance (r = 0) is the largest. It is centred at the origin and
has a radius of 1.

e The r-circles become progressively smaller as r increases from 0 to oo, ending at the
(Te=1,T;,=0) point for an open circuit.

o All the r-circles pass through the point (I',=1,T,=0).

See Figure 1 for further details.

r = Q(short)

Figure 1: The r-circles in the complex plane (., i) -

Similarly, (7) can be rearranged as

0 1? D12
(Te— 12+ = O =00 . (9)
0 X0 OX[

Again, (9) is a parametric equation of the type (x —a) 2+ (y — b) 2= R 2in the complex plane
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1 1
(I", ' ) of a circle centred at the coordinates u1, H_and having a radius of . Different

r i L N

values of x yield circles of different radii with centres at different positionsonthe I' =1
line. The following properties of the x-circles are noted:

e The centres of all x-circles lie on the T',, = 1 line; those for x > 0 (inductive reactance) lie
above the I, -axis, and those for x < 0 lie below the I',, -axis.

e The x =0 circle becomes the T',.-axis.

e  The x-circles become progressively smaller as * ﬁncreases from 0 to oo, ending at the

(I'e=1, I';;,=0) point for an open circuit.
o All the x-circles pass through the point (I'.= 1, T,=0).

See Figure 2 for further details.
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-

/2

Figure 2: The x-circles in the complex plane (I, I'im) -
To complete the Smith chart, the two circles' families are superimposed. The Smith chart
therefore becomes a chart of r- and x-circles in the (T, Ty ) -plane for T'<1.The

intersection of an r-circle and an x-circle defines a point which represents a normalized load

impedanc z,=r+jx. The actual load impedance is Z,=2y2,=2Z5(r+jx).Asan
e

illustration, the impedance Z, =85 + j30 ina Z, =50 A -system is represented by the @tP in
Figure 3. Here z,= 1.7 + j 0.6 at the intersection of the r = 1.7 and the x = 0.6 circles. Values
for I',. and T';,, may then be obtained from the projections onto the horizontal and

vertical axes (see Figure 4). These are approximately given by I.~0.3andTl;,~0.16.

Point P, at([,.=-1,T;,=0)correspondsto r=0 an x=0 and therefore representsa
d

short- P, at(l',.=1,T;,=0) corresponds to an infinite impedance therefore
circuit.

represents an open circuit.
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1.0

Constant
Resistance r

-1,
|
I
Constant
y -
T 0 1

Figure 4: Direct extraction of the reflection coefficient I' = I, + jT’;, along the horizontal
and vertical axes.

Instead of having a Smith chart marked with I',,and TI';,, marked in rectangular coordinates,
the same chart can be marked in polar coordinates, so that every point in the I'-plane is
specified by a magnitude |T| and a phase angle 0. Thisis illustrated in Figure 5, where

several ﬂ-circles are shown in dashed lines and some 0 -angles are marked around the
|F| = 1circle. The F |-circles are normally not shown on commercially available Smith charts,

but once the point representing a certain  z,=r+ jx is located, it is simply a matter of
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drawing a circle centred at the origin through the point. The ratio of the distance to the point
and the radius to the edge of the chart is equal to the magnitude oﬁ IT of the load reflection
coefficient, and the angle that a line to that point makes with the real axis represents 0 . If,
for
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example the point

Z»=75—-j100 A Z3=j200 A  Za=150 A
Zs =0 (a short circuit) Z7 = 50 A Zs = 184 — j900
AN

Z1 =100 +j50 A
Zs = oo (an open
circuit)

The normalized impedances shown below are plotted in Figure 6.
Z1=2+] z22=15-j2 z3=j4 24=3
Z5 = ® z6=0 z7=1 zg = 3.68 —j18

DEPT.OF ECE

It is also possible to directly extract the reflection coefficient I" on the Smith chart of Figure 6.

Once the impedance point is plotted (the intersection point of a constant resistance circle and

z,=1.7 +j0.6 is marked on the Smith chart at point P, we find that
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|FL1=1/3and6=28°.

Each ]1" 1circ|e intersects the real axis at two points. In Figure 5 we designate the point on the

positive real axis as Pv and on the negative real axis as Pm. Since x = 0 along the real axis, both
these points represent situations of a purely resistive load, Z ;= R,. Obviously, R, > Z jat Pum
where r>1,and R, < Z ,at Pm wherer<1.Since S=R,/Z,for R, >Z,, the value of the r-
circle passing through the point Pwv is numerically equal to the standing wave ratio. For the

270°

I
N

example where z,=1.7 + 0.6, we find that r=2 at Pm, sothat S=r

Figure 5: Smith chart in polar coordinates.

Example 1:

Consider a characteristic impedance of 50 A with the following impedances:

of a constant reactance circle), simply read the rectangular coordinates projection on the
horizontal and vertical axis. This will give I',,, the real part of the reflection coefficient, and

I;,,, the imaginary part of the reflection coefficient. Alternatively, the reflection coefficient
may be obtained in polar form by using the scales provided on the commercial Smith chart.

150

EMTL



DEPT.OF ECE

MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY

'3 =0.875 + 0.48]

[2=0.51-0.4]

r1=04+02j

I's=0.5

0.5 £0°
[s=0.96-0.1]

0.998 £29°

=0

=0.65 £/-38°
I's=-1

0.45 £ 27°

Is=1

0.97 £-6°

1./180°

1 £0°

I

o)

-y

s
e
e Sds

RADIALLY SCALED PARAMETLES.

TOWARD GENRATOR
i

i

TOWARD LOAD

2op s

el

Figure 6: Points plotted on the Smith chart for Example 1.

iGN

be used to analyse these parameters in both the series and parallel worlds. Adding elements
in a series is straightforward. New elements can be added and their effects determined by

The Smith chart is constructed by considering impedance (resistance and reactance). It can

summing elements in

’

simply moving along the circle to their respective values. However

where admittances should be added.

’

parallel is another matter

1/Y. The admittance is expressed in mhos or A™!

1/Zand Z=

We know that, by definition, Y

as Zis complex, Y must also be complex. Therefore

’

or alternatively in Siemens or S. Also

(10)

G+jB,

Y

where G is called the conductance and B the susceptance of the element. When working with

y

Y/Yo. This results in

1/ z . So, what happens to the reflection coefficient? We note that

admittance, the first thing that we must do is normalize y

g+jb=
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_z-1 (z-1)/z_1-y_ Oy-10

r (11)

z+1 (z+1)/z 1+vy 71+yD
Thus, for a specific normalized impedance, say z,=1.7+j0.6 ,wecan find the
corresponding reflection coefficient as I';=0.33 £ 28° . From (11), it then follows that the
reflection coefficient for a normalized admittance of y,=1.7+j0.6 will be

I,=-T,=0.33 £ (28° + 180°) .

This also implies that for a specific normalized impedance z, we can find y=1/ by rotating
z

through an angle of 180° around the centre of the Smith chart on a constant radius (see
Figure 7).

Constant
Resistance r

\.
Constant

%ﬂncé\x’\
\
\

\
|
I
|
!

Figure 7: Results of the 180° rotation

Note that while z and y = 1/z represent the same component, the new point has a different
position on the Smith chart and a different reflection value. This is due to the fact that the
plot for z is an impedance plot, but for y it is an admittance plot. When solving problems
where elements in series and in parallel are mixed together, we can use the same Smith chart
by simply performing rotations where conversions from z to y or y to z are required.
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2 Smith Charts and transmission line circuits
So far we have based the construction of the Smith chart on the definition of the voltage

reflection coefficient at the load. The question is: what happens when we connect the load to
a length of transmission line as in Figure 8.

1

Z; —» (v, Zp)

Oa—— T ——80)

Y
&
v

R
|
o

Figure 8: Finite transmission line terminated with load impedance Z..
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On a lossless transmission line with k= 3 , the input impedance at a distance z' from the
load is given by

Viz') 1+, e /2

Z= =Z N (12)
Tz P1-r e

L
The normalised impedance is then

Z,(z') 1+FLe_j2ﬁz' 1+F,
Zi= - */'ZBZ':]__F . (13)
Zy 1-T,

i
Consequently, the reflection coefficient seen looking into the lossless transmission line of
length z is given by
r=r, e /M7 = ]r Lc?fe e /22 (14)

This implies that as we move along the transmission line towards the generator, the
magnitude of the reflection coefficient does not change; the angle only changes from a value
of 0 at the load to a value of (6—2B Z) at a distance z' from the load. On the Smith chart,

we are therefore rotating on a constanif F circle. One full rotation around the Smith chart

requires that 2Bz'=2n, so that z'=mn/B=A/2 where A isthe wavelength on the

transmission line.

®z'/ ) are usually provided along the perimeter of 2 T"=1 circle
Two additional scales in

for easy reading of the phase change 23 ®z' due to a change in line length ®z'. The &cale
is marked in “wavelengths towards generator” in the clockwise direction (increasing z') and
“wavelengths towards load” in the counter-clockwise direction (decreasing z'). Figure 9

shows a typical commercially available Smith chart.

Each r

-circle intersects the real axis at two points. Refer to Figure 5. We designate the point

on the positive real axis as Pv and on the negative real axis as Pm. Since x = 0 along the real
axis, both these points represent situations of a purely resistive input impedance,
Z,=R; + jO . Obviously, R, >Z, at Pm where r>1,and R, <Z, at Pn where r<1.Atthe

point Pmwe findthat  Z,=R,=S Z,, while Z=R;=Z,/S  atPm.The point Pmon an

impedance chart corresponds to the positions of a voltage maximum (and current minimum)
on the transmission line, while Pm represents a voltage minimum (and current maximum).
Given an arbitrary normalised impedance z, the value of the r-circle passing through the point
Pwm is numerically equal to the standing wave ratio. For the example, if z=1.7 +j0.6 , wefind
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T
ANCE COMPONENT (/7o) OR CONDUCTANCE COMPONENT (G/ Yo

RADIALLY SCALED PARAMETERS

&, 5 TOWARD LOAD >
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Figure 9: The Smith chart.
Example 2:

Use the Smith chart to find the impedance of a short-circuited section of a lossless 50 A @
axial transmission line that is 100 mm long. The transmission line has a dielectric of relative

permittivity ¢,=9 between the inner and outer conductor, and the frequency under

consideration is 100 MHz.
f=o = rad/m and
For the transmission line, we find 6.2875

that
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VHo &€,

A=2n/B=0.9993~1 m. The transmission line of length ;=100 Mmistherefore
MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT.OF ECE
7'/ X =0.1 wavelengths long.

e Sincez =0, enter the Smith chart at a point Psc.
e Move along the perimeter of the chart (T =1 ) By 0.1 “wavelengths towards the

generator” in a clockwise direction to point Py.
o AtP;,readr=0andx=0.725, or z;=j0.725 . Then Z ;= j0.725 x 50 = j36.3 A .
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Figure 10: Smith chart calculations for Example 2 and Example 3.

Example 3: A lossless transmission line of length 0.434X and characteristicimpedance 100 A
is terminated in an impedance 260 + j180 A. Find the voltage reflection coefficient, &
standing-wave ratio, the input impedance, and the location of a voltage maximum on the
line.

Given 2'=0.434), Z,=100A and Z, =260+ j180 A . Then

e Enter the Smithchartatz =7 ,/Z;=2.6 +j1.8 shown as point P in Figure 10.

e With the centre at the origin, draw a circle of radius OP,=T =0.6.

e Draw the straight line OP, andextenditto P on the periphery. Read 0.220 on

“wavelengths towards generator” scale. The phase angle 6 of the load reflection may
either be read directly from the Smith chart as 21° on the "Angle of Reflection

Coefficient" scale. Therefore I', =0.6 /217/180 = .6 g/0-127
| | 154
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e The I'=0.6 circleintersects the positive real axis OP,. atr=S=4.Therefore the

MALLA REDDY CO‘_LEGE OF ENGINEERING AND TECHNOLOGY DEPT.OF ECE
voltage standing-wave ratio is 4.

e The find the input impedance, move P, at 0.220 by a total of 0.434 “wavelengths toward
the generator” first to 0.500 (same as 0.000) and then further to 0.434—
(0.500-0.220)=0.154 to P;.
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e Join O and P; by a straight line which intersects the ]ﬁ }0.6 circle at Py. Here r =0.69
andx=1.2,0rz=0.69+1.2. Then Z,= (0.69 + j1.2) x100 = 69 + j120 A .

e Ingoing from P,to P;, the "= 0.6 circle intersects the positive real axis at ,,  Where

there is a voltage maximum. Thus the voltage maximum appears at 0.250—0.220=0.030
wavelengths from the load.

3 Transmission line impedance matching.
Transmission lines are often used for the transmission of power and information. For RF

power transmission, it is highly desirable that as much power as possible is transmitted from
the generator to the load and that as little power as possible is lost on the line itself. This will
require that the load be matched to the characteristic impedance of the line, so that the
standing wave ratio on the line is as close to unity as possible. For information transmission it
is essential that the lines be matched, because mismatched loads and junctions will result in
echoes that distort the information-carrying signal.

Impedance matching by quarter-wave transformer

S T Zy=R, and
For a lossless transmission line of length /, characteristic impedance of

terminated in a load impedance Z ,, the input impedance is given by

Z=R Z, + jRytan B/
Ry
Poe +jZ tanpl/ (15)

Z, +jRotan(2m !/ A\)
R, +jZLtan(27cl/7»)'

If the transmission line has a length of /= / 4, this reduces to
Z=R Z,+jRytan(m / 2)

R
0 T

0 +jZ tan(n/2)

—R Z,/tan(m/ 2) + jR,

o Ro /tan(r / 2) +jZ* (16)

0+jR,

0+jz,

(Ro)’

Z
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This presents us with a simple way of matching a resistive load Z ;= R, to a real-valued

MALLA REDDY COLLEGE OF ENGINEERING AND TECHNOLOGY DEPT.OF ECE
input impedance Z;=R,: insert a quarter-wave transformer with characteristic impedance
of

R,. From (16), we have R,= (R,)?/ R, or
RR, . (17)

Note that the length of the transmission line has to be chosen to be equal to a quarter of a
transmission line wavelength at the frequency where matching is desired. This matching
method is therefore frequency sensitive, since the transmission line section will no longer be
a quarter of a wavelength long at other frequencies. Also note that since the load is usually
matched to a purely real impedance Z;= R;, this method of impedance matching can only be

applied to resistive loads Z, = R,, and is not useful for matching complex load impedances
to a lossless (or low-loss) transmission line.

Example 4

A signal generator has an internal impedance of 50 A. It needs to feed equal power
through aossless 50 A transmission line with a phase velocity of 0.5c¢ to two separate
resistive loads ¢
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64 A and 25 A at a frequency of 10 MHz. Quarter-wave transformers are used to match &
loads to the 50 A line, as shown in Figure 11.

(a) Determine the required characteristic impedances and physical lengths of the quarter-

wavelength lines.
(b) Find the standing-wave ratios on the matching line sections.

Ry = 64 (Q)

Ry = 50 ()

Figure 11: Impedance matching by quarter-wave transformers (Example 4).

(a) To feed equal power to the two loads, the input resistance at the junction with the main
line looking toward each load must be
Ri,=2R,= 100 A an Ri,=2R,=100 A
d
Therefore

Ra = \/RilRLl =80
Ry = +JR,R, =50A

Assume that the matching sections use the same dielectric as the main line. We know that

_ _ [
u,= = 1 _

1
— =5
\/E VHo€o €,

We can therefore deduce that it uses a dielectric with a relative permittivity of e r=4 .

u, 2
A= P=T_15m,

f k

The length of each transmission line section is therefore /=X /4=3.75m.

(b) Under matched conditions, there are no standing waves on the main transmission line, i.e.
156
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S =1. The standing wave ratios on the two matching line sections are as follows:

MALLA REDIXREDINERESE NRANEERING AND TECHNOLOGY
Ry —Ry 64-80

u= =-0.11
R +FR 64 + 80
L1 01
1+ |
1+0.11
S = |— = =1.25
' 1-0.11
Matching section No. 2:

12
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R,—Ry 25-50

FLZ = =-0.33
R +R 25+50
L2 02
1+, |
1+0.33
S = ‘ ‘: =1.99
g 1-0.33

Single stub matching

In matching of impedances, we are only allowed to use reactive components (i.e. equivalent
to inductors and capacitors — no resistors). Recall that for short-circuited and open-circuited
lossless transmission line sections of length /, the input impedance was given by

Z;s =jZ, tan Bl =jZ, tan(2n// ), (18)
and
Z;, =—jZycot Bl =—jZycot(2m /1), (19)
Zo=R, is purely real. The impedances in (18) and (19) are purely reactive
where

(imaginary), and therefore these transmission line sections act as inductors or capacitors,
depending on the line length. We are going to make use of these elements (called
transmission line stubs) to design matching circuits. In practice, it is more convenient to use
short-circuited stubs. Short-circuited stubs are usually used in preference to open-circuited
stubs because an infinite terminating impedance is more difficult to realise than a zero
terminating impedance. Radiation from the open end of a stub makes it appear longer than it
is, and compensation for these effects makes the use of open-circuited stubs more
cumbersome. A short-circuited stub of an adjustable length is much easier to construct than
an open-circuited stub.

It is also more common to connect these stubs in parallel with the main line. For parallel
connections, it is convenient to use admittances rather than impedances. In thee cases, we
use the Smith chart as an admittance chart to design the matching networks.

A single-stub matching circuit is depicted in Figure 12. Note that the short-circuited stub is
connected in parallel with the main line. In order to match the complex load impedance Z, to

the characteristic impedance of the lossless main line, Z = R,, we need to determine the
lengths d and /.
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Ry

Figure 12: Impedance matching by single stub method.

For the transmission line to be matched at the point B — B', the basic requirement is

Y=Yy 4,
=y, -1 (20)
RO

In terms of normalised admittances, (23) becomes

Vi=yg+y, =1. (21)
where y,=g +jbg=Y,/Y, fortheloadsectionand y,=VY,/Y, forthe short-circuited
stub. Note that y.=—jcot(2r// L) is purely imaginary. It can therefore only contribute to
the imaginary part of y,. The position of B— B (or, in other words, the length d) must be

chosen such that gz=1, i.e.
yg=1+jbg. (22)

Next, the length /is chosen such y. =—jbg, (23)
that

which yields  y.=y,+y.=(1+jbg) + (— jbs) = 1. The circuit is therefore matched at

B - B', and at any point left of B— B' as well.
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EMTL

the generator) when transforming the normalised load admittance to the admittance Ys-

However, according to (23), y,;must also be located on the g = 1 circle.

The use of the Smith chart for the purpose of designing a single-stub matching network is best
illustrated by means of an example.

Example 5: A 50 A transmission line is connected to a load impedance Z, =35—- j37.5A .
Find the position and length of a short-circuited stub required to match the load at a
frequency
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of 200 MHz. Assume that the transmission line is a co-axial line with a dielectric for which

€r=9.

Given Z, =R, =50 and Z, =35—-j47.5 A . Therefore z, =2, /2Z,=0.7—-0.95 .

e Enter the Smith chartat z, shown as point P, in Figure 13.

e Drawa f %circle centred at O with radius OP;.

o Draw a straight line from P, through O to point P, on the perimeter, intersecting the 11 -|
circle at P,, which represents y,. Note 0.109 at P, on the “wavelengths toward

generator” scale.
*  Note the two points of intersection of the I {circle with the g = L circle:

o At P;:
o At P,

Ve =1+j1.2=1+jbg
Vgy =1— j1.2=1+ jbg,
e Solutions for the position of the stub:
o For P; (from P, to B) d, =(0.168 — 0.109)A. =0.059A
o For P, (from P, to P,)
d, =(0.332-0.109)A = 0.2231
e Solutions for the length of the short-circuited stub to provide y,=—jb,:
o For p,(from P, onthe extreme right of the admittance chart to P;, which
represents y =—jbg,=—j1.2): 1,=1(0.361—-0.250)A = 0.111A
o For P,(from P, on the extreme right of the admittance chart to P,, which
represents y.=—jbg,=j1.2): ,=(0.139 + 0.250)\ = 0.389\

To compute the physical lengths of the transmission line sections, we need to calculate the
wavelength on the transmission line. Therefore

k:upzl/\/.u-ﬁz /i/—zO.Sm.
f

Thus: f !
d, =0.0591 = 29.5 mm l,=0.111)A = 55.5 mm
d,=0.223A=111.5mm l,=0.389A = 194.5 mm
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Note that either of these two sets of solutions would match the load. In fact, there is a whole

MALLA REDBY'EDPT PEEBIE EILRRE SRR FeWhROERIpting d., instead of going straight fropy-pr r £

P, to A, we could have started at P, rotated clockwise around the Smith chart n times

(representing an additional length of nk/ )andcontinued on to R, , vyielding
2

d,=0.0591L+nk/2,n=0,1,2,...The same argument applies ford ,, l;and /,.
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Figure 13: Single-stub matching on an admittance chart (Example 5).
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